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Modular Quantizations of Lie Algebras
of Cartan Type H via Drinfeld Twists
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Dedicated to Professor Helmut Strade in honor of his 70th birthday
Abstract. We construct explicit Drinfel’d twists for the Lie algebras of gen-
eralized Cartan type H in characteristic 0 and also obtain the corresponding
quantizations and their integral forms. By using modular reduction and base
changes, we derive certain quantizations of the restricted universal enveloping
algebra u(H(2n; 1)) of the restricted Hamiltonian algebra H(2n; 1) in prime
characteristic p. These quantizations are new non-pointed Hopf algebras of
prime-power dimension pp
2n−1 and contain the well-known Radford algebras
as Hopf subalgebras. As a by-product we also obtain some Jordanian quanti-
zations of sp2n.
This paper is a continuation of [16] and [17] in which modular quantizations
of Lie algebras of Cartan types W and S were studied. In the present paper we
consider the same questions, both for the Lie algebras of generalized Cartan type H
in characteristic 0 (for the definition, see [22]) and for the restricted Hamiltonian
algebras H(2n; 1) in the modular case (for the definition, see [25] and [26]).
For the convenience of the reader we review some previous related work. In
[7], Drinfel’d raised the question of the existence of universal quantizations for
Lie bialgebras. In [9] and [10] Etingof and Kazhdan gave a positive answer to this
question for Lie bialgebras coming from finite- and infinite-dimensional Lie algebras
defined by generalized Cartan matrices. Later, Enriquez-Halbout [8] showed that,
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in principle, any coboundary Lie bialgebra can be quantized via a certain Etingof-
Kazhdan quantization functor, and Geer [12] extended the work of Etingof and
Kazhdan from Lie bialgebras to the setting of Lie superbialgebras. In view of
this, it is natural to consider the quantizations of Lie algebras of Cartan type
which are defined by differential operators. In 2004 Grunspan [15] obtained the
quantization of the infinite-dimensional Witt algebraW in characteristic 0 by using
the twist found by Giaquinto and Zhang in [13], but his approach didn’t work for the
quantum version of the finite-dimensional Witt algebraW(1; 1) in characteristic p >
0. The second and the third author obtained in [16] quantizations of the generalized
Witt algebra W in characteristic 0 and of the Jacobson-Witt algebras W(n; 1) in
characteristic p > 0. These quantizations are new families of noncommutative and
noncocommutative Hopf algebras of dimension p1+np
n
in prime characteristic p,
while in the rank 1 case, [16] recovered Grunspan’s work in characteristic 0 and
gave the desired quantum version in characteristic p > 0.
Although, in principle, the possibility to quantize an arbitrary Lie bialgebra
has been proved ([9], [10], [11], [8], and [12]), it seems difficult to obtain explicit
formulas for the Hopf algebra operations. In particular, only a few kinds of twists
with explicit expressions for the Hopf algebra operations are known (see [24], [21],
[13], [19], [1], and the references therein). In this paper we start with an explicit
Drinfel’d twist considered in [13] and [15]. In fact, this Drinfel’d twist is essentially
a variation of the Jordanian twist (see the proof in [17]) which first (but in a differ-
ent form) appeared in a paper by Coll, Gerstenhaber, and Giaquinto [5], and was
also employed extensively by Kulish et al (see [19], [1], etc.). By using such explicit
Drinfel’d twists, we obtain vertical basic twists and horizontal basic twists for the
Lie algebras of generalized Cartan type H and the corresponding quantizations in
characteristic 0. As in types W and S one can obtain from these basic twists many
other Drinfel’d twists. For the modular case we first have to find the integral forms
of the quantizations for the Lie algebras of generalized Cartan type H . The crucial
observation is that we have to work over the so-called “positive” part subalgebra
H+ of the Lie algebraH of generalized Cartan type H . It is an infinite-dimensional
simple Lie algebra defined over a field of characteristic 0, whereas over a field of
characteristic p, it contains a maximal ideal J1 and the corresponding quotient is
exactly the algebra H′(2n; 1). Its derived subalgebra H(2n; 1) = H′(2n; 1)(1) is a
restricted simple Lie algebra of Cartan type H . Secondly, in order to obtain the
desired finite-dimensional quantizations of the restricted universal enveloping alge-
bra of the Hamiltonian algebra H(2n; 1), we need to carry out a modular reduction
process: reduction modulo p of an integral form of the universal enveloping algebra
and another reduction to obtain deformations of the restricted universal enveloping
algebra, and accordingly suitable base changes. These are the other two crucial
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technical points of this paper. As a result we obtain a new class of noncommu-
tative and noncocommutative Hopf algebras whose dimension is a power of the
characteristic of the ground field.
The paper is organized as follows. In Section 1, we recall some definitions and
basic facts related to the Lie algebras of Cartan type H and Drinfel’d twists. In
Section 2, we construct some Drinfel’d twists for the Lie algebras of generalized
Cartan type H , including the vertical basic twists and the horizontal basic twists.
In Section 3, we explicitly quantize Lie bialgebra structures of the Lie algebras
of generalized Cartan type H by the vertical basic Drinfel’d twists, and by using
similar methods as in type S, we obtain the modular quantizations of the restricted
universal enveloping algebra of the Hamiltonian algebra H(2n; 1). In Section 4, we
use horizontal basic twists to get some new modular quantizations of horizontal
type of u(H(2n; 1)) which contain some modular quantizations of the Lie algebra
sp2n derived from the Jordanian twists (cf. [1]). Finally, we present some open
questions.
1. Preliminaries
1.1. The generalized Cartan-type Lie algebra H and its subalgebra
H+. We recall the definition of the generalized Cartan-type Lie algebra H from
[22] and some basic facts about its structure.
Let F be a field with char(F) = 0 and let n > 0. LetQ2n := F[x
±1
−n, . . . , x
±1
−1, x
±1
1 ,
. . . , x±1n ] be a Laurent polynomial algebra and let ∂i denote the degree operator
xi
∂
∂xi
. Set T :=
n⊕
i=1
(Z∂−i ⊕ Z∂i), and set x
α := x
α−n
−n · · ·x
α−1
−1 x
α1
1 · · ·x
αn
n for α =
(α−n, . . ., α−1, α1, . . ., αn) ∈ Z
2n. In particular, xi = x
ǫi , ǫi = (δ−n,i, . . ., δ−1,i, δ1,i,
. . ., δn,i). We can define a bilinear map
〈·, ·〉 : T × Z2n −→ Z
〈∂, α〉 7→
n∑
i=1
(a−iα−i + aiαi),
for ∂ =
n∑
i=1
(a−i∂−i+ ai∂i) ∈ T and α = (α−n, . . ., α−1, α1, . . ., αn) ∈ Z
2n. It is easy
to see that this bilinear map is non-degenerate in the sense that
∂(α) = 〈∂, α〉 = 0 (∀ ∂ ∈ T ) =⇒ α = 0 ,
∂(α) = 〈∂, α〉 = 0 (∀ α ∈ Z2n) =⇒ ∂ = 0 ,
where 0 = (0, . . ., 0). For later use, we set 1 = (1, . . ., 1).
Define a linear map
DH : Q2n −→ Der(Q2n)
xα 7−→
n∑
i=1
xα−ǫ−i−ǫi(∂−i(α)∂i − ∂i(α)∂−i)
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=
n∑
i=1
xα−ǫ−i−ǫi(α−i∂i − αi∂−i).
We can see that the kernel of this map is F. The image DH(Q2n) of this map is a
Lie algebra under the bracket
[DH(x
α), DH(x
β)] = DH
(
n∑
i=1
( ∂xα
∂x−i
∂xβ
∂xi
−
∂xα
∂xi
∂xβ
∂x−i
))
= DH
( n∑
i=1
(
∂−i(α)∂i(β) − ∂i(α)∂−i(β)
)
xα+β−ǫi−ǫ−i
)
= DH
( n∑
i=1
(
α−iβi − αiβ−i
)
xα+β−ǫi−ǫ−i
)
.
The derived algebra H = [DH(Q2n), DH(Q2n)] is the Lie algebra of generalized
Cartan type H , which has codimension 1 in DH(Q2n) and is known to be a simple
algebra. Moreover, {DH(x
α) | α ∈ Z2n \ {0,−1}} is a basis of H (cf. [22]).
Define Di =
∂
∂xi
. For DH(x
α) =
n∑
i=1
xα−ǫi−ǫ−i(α−i∂i−αi∂−i) we have DH(x
α)
=
n∑
i=1
α−ix
α−ǫ−iDi − αix
α−ǫiD−i. Let K be an arbitrary field and set H
+ =
SpanK{DH(x
α) | α ∈ Z2n+ \ {0}}, which via the identification x
αDi with x
α−ǫi∂i
(α− ǫi ∈ Z
2n) can be considered as a Lie subalgebra (namely, the “positive” part)
of the Lie algebra of generalized Cartan type H over K.
1.2. The Hamiltonian algebra H(2n; 1). Assume now that char(K) = p.
Then by definition the Jacobson-Witt algebra W(2n; 1) is a restricted simple Lie
algebra over K (see [26]). Its p-Lie algebra structure is given by D[p] = Dp, ∀D ∈
W(2n; 1) and { x(α)Dj | −n ≤ j ≤ n, j 6= 0, 0 ≤ α ≤ τ} is a basis, where
τ = (p−1, . . ., p−1), ǫi = (δ−n,i, . . ., δ−1,i, δ1,i, . . ., δn,i) with x
(ǫi) = xi, x
(α) ∈
O(2n; 1) = SpanK{ x
(α) | 0 ≤ α ≤ τ}. The latter is the restricted divided power al-
gebra with multiplication x(α)x(β) =
(
α+β
α
)
x(α+β), where
(
α+β
α
)
=
n∏
i=1
(
α−i+β−i
α−i
)(
αi+βi
αi
)
,
and the convention that x(α) = 0 if α has a component αj < 0 or ≥ p. Note
that O(2n; 1)i = SpanK{x
(α) | 0 ≤ α ≤ τ, |α| = i} where |α| =
n∑
i=1
(a−i+ai).
Moreover, W(2n; 1) = DerK(O(2n; 1)) and inherits a gradation from O(2n; 1)
by means of W(2n; 1)i =
n∑
j=1
(O(2n; 1)i+1D−j + O(2n; 1)i+1Dj). Define DH :
O(2n; 1)→W(2n; 1) as DH(x
(α)) =
n∑
i=1
(x(α−ǫ−i)Di − x
(α−ǫi)D−i). Then the sub-
space H′(2n; 1) := DH(O(2n; 1)) is a subalgebra of W(2n; 1). Its derived algebra
H(2n; 1) is called the Hamiltonian algebra, H(2n; 1) =
s⊕
i=−1
H(2n; 1)
⋂
W(2n; 1)i
is graded with s = |τ | − 3. Then by Proposition 4.4.4 and Theorem 4.4.5 in [26],
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H(2n; 1) = SpanK{DH(x
(α)) | x(α) ∈ O(2n; 1), 0 ≤ α < τ} is a p-subalgebra of
W(2n; 1) with restricted gradation.
By definition (cf. [26]), the restricted universal enveloping algebra u(H(2n; 1))
is isomorphic to U(H(2n; 1))/I, where I is the Hopf ideal of U(H(2n; 1)) generated
by (DH(x
(ǫi+ǫ−i)))p −DH(x
(ǫi+ǫ−i)), (DH(x
(α)))p with α 6= ǫi + ǫ−i for 1 ≤ i ≤ n.
Since dimKH(2n; 1) = p
2n − 2, we have dimKu(H(2n; 1)) = p
p2n−2.
1.3. Quantization by Drinfel’d twists. The following result is well known
(see [4]).
Lemma 1.1. Let (A,m, ι,∆0, ε, S0) be a Hopf algebra over a commutative ring.
A Drinfel’d twist F on A is an invertible element of A⊗A such that
(F ⊗ 1)(∆0 ⊗ Id)(F) = (1⊗F)(Id⊗∆0)(F),
(ε⊗ Id)(F) = 1 = (Id⊗ ε)(F).
Then w = m(Id⊗ S0)(F) is invertible in A with w
−1 = m(S0 ⊗ Id)(F
−1).
Moreover, if we define ∆ : A −→ A⊗A and S : A −→ A by
∆(a) := F∆0F
−1, S(a) := wS0(a)w
−1,
then (A,m, ι,∆, ε, S) is a new Hopf algebra, called the twisting of A by the Drinfel’d
twist F .
Let F[[t]] be a ring of formal power series over a field F with charF = 0. Assume
that L is a triangular Lie bialgebra over F with a classical r-matrix r (see [6] and
[11]). Let U(L) denote the universal enveloping algebra of L with the standard
Hopf algebra structure (U(L),m, ι,∆0, ε, S0).
Let us consider the topologically free F[[t]]-algebra U(L)[[t]] (for the defini-
tion, see p. 4 of [11]), which can be viewed as an associative F-algebra of formal
power series with coefficients in U(L). Naturally, U(L)[[t]] has an Hopf algebra
structure induced from the one on U(L). By abuse of notation, we denote it by
(U(L)[[t]],m, ι,∆0, ε, S0).
Definition 1.2. [16] For a triangular Lie bialgebra L over F with char(F)= 0,
U(L)[[t]] is called a quantization of U(L) by a Drinfel’d twist F over U(L)[[t]] if
U(L)[[t]]/tU(L)[[t]] ∼= U(L) as algebras, and F is determined by its r-matrix r
(namely, its Lie bialgebra structure).
2. Drinfel’d twists over U(H)[[t]]
2.1. Construction of Drinfel’d twists. Let L be a Lie algebra containing
linearly independent elements h and e satisfying [h, e] = e. Then the classical r-
matrix r = h⊗e−e⊗h equips L with the structure of a triangular coboundary Lie
bialgebra (see [20]). In order to obtain an explicit description of a quantization of
U(L) by a Drinfel’d twist F over U(L)[[t]], we need an explicit construction for such
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a Drinfel’d twist. In what follows, we shall see that such a Drinfel’d twist depends
on the choice of two distinguished elements h and e arising from its r-matrix r.
For any element of a unital R-algebra (where R is any ring) and a ∈ R, we set
x〈m〉a := (x+ a)(x + a+ 1) · · · (x+ a+m− 1),
x[m]a := (x+ a)(x+ a− 1) · · · (x+ a−m+ 1),
and then put x〈m〉 := x
〈m〉
0 , x
[m] := x
[m]
0 .
Note that h and e satisfy the following identities
es · h[m]a = h
[m]
a−s · e
s,
es · h〈m〉a = h
〈m〉
a−s · e
s,
where m and s are non-negative integers, and a ∈ F.
For a ∈ F we set Fa :=
∞∑
r=0
(−1)r
r! h
[r]
a ⊗ertr, Fa :=
∞∑
r=0
1
r!h
〈r〉
a ⊗ertr, ua := m·(S0⊗
Id)(Fa), va := m · (Id ⊗ S0)(Fa). Write F := F0, F := F0, u := u0, v := v0. Since
S0(h
〈r〉
a ) = (−1)rh
[r]
−a and S0(e
r) = (−1)rer, one has va =
∞∑
r=0
1
r!h
[r]
a ertr, ub =
∞∑
r=0
(−1)r
r! h
[r]
−be
rtr.
Lemma 2.1. ([15]) For a, b ∈ F one has
FaFb = 1⊗ (1− et)
a−b and vaub = (1− et)
−(a+b).
Corollary 2.2. For a ∈ F, Fa and ua are invertible with F
−1
a = Fa and
u−1a = v−a. In particular, F
−1 = F and u−1 = v.
Lemma 2.3. ([16]) For every positive integer r we have
∆0(h
[r]) =
r∑
i=0
(
r
i
)
h[i] ⊗ h[r−i].
Furthermore, ∆0(h
[r]) =
r∑
i=0
(
r
i
)
h
[i]
−s ⊗ h
[r−i]
s for any s ∈ F.
Proposition 2.4. ([15],[16]) If a Lie algebra L contains a two-dimensional
solvable Lie subalgebra with a basis {h, e} satisfying [h, e] = e, then
F =
∞∑
r=0
(−1)r
r!
h[r] ⊗ ertr
is a Drinfel’d twist on U(L)[[t]].
2.2. Basic Drinfel’d twists. Take two distinguished elements e := DH(x
α)
and h := DH(x
ǫ−i+ǫi) such that [h, e] = e, where 1 ≤ i ≤ n. It is easy to see that
then αi − α−i = 1. The next result follows from the main result of [20].
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Proposition 2.5. There is a triangular Lie bialgebra structure on H given by
the classical r-matrix
r := DH(x
ǫ−i+ǫi)⊗DH(x
α)−DH(x
α)⊗DH(x
ǫ−i+ǫi), 1 ≤ i ≤ n,
where α ∈ Z2n with αi − α−i = 1, and [DH(x
ǫ−i+ǫi), DH(x
α)] = DH(x
α).
Fix two distinguished elements h := DH(x
ǫ−i+ǫi) and e := DH(x
α) with
αi − α−i = 1. Then F =
∞∑
r=0
(−1)r
r! h
[r] ⊗ ertr is a Drinfel’d twist on U(H)[[t]].
But the coefficients of the quantizations of the standard Hopf algebra structure
(U(H)[[t]],m, ι,∆0, S0, ε) by F may be not integral. In order to get integral forms
of these quantizations, one needs to find sufficient and necessary conditions for the
coefficients of F being integers.
Lemma 2.6. ([15]) For any a, k, ℓ ∈ Z, the rational number aℓ
ℓ−1∏
j=0
(k+ja)/ℓ! is
an integer. 
In view of this lemma, we are interested in the following two simple cases:
(i) h = DH(x
ǫ−k+ǫk), e = DH(x
ǫ−k+2ǫk), (1 ≤ k ≤ n);
(ii) h = DH(x
ǫ−k+ǫk), e = DH(x
ǫk+ǫm), (m 6= k,−k).
Let F(k) denote the corresponding Drinfel’d twist in case (i) and F(k;m)
denote the corresponding Drinfel’d twist in case (ii).
Definition 2.7. The twist F(k) (1 ≤ k ≤ n) is called a vertical basic Drinfel’d
twist and the twist F(k;m) (1 ≤ k,m ≤ n,m 6= k,−k) is called a horizontal basic
Drinfel’d twist.
Remark 2.8. In case (i) we get n vertical basic Drinfel’d twists F(1), . . . ,F(n)
for U(H+
Z
)[[t]]. It is interesting to consider the products of some of these vertical
basic Drinfel’d twists. In this way one can obtain more Drinfel’d twists which will
lead to new quantizations not only over U(H+
Z
)[[t]], but via our modular reduction
approach developed in Section 3, also over ut,q(H(2n; 1)).
In case (ii) we get 2n(n − 1) horizontal basic Drinfel’d twists F(k;m) over
U(H+
Z
)[[t]]. We will discuss these twists and the corresponding quantizations in
Section 4.
2.3. More Drinfel’d twists. We consider the products of pairwise different
and mutually commutative vertical basic Drinfel’d twists and from this we can get
new quantizations not only over U(H+
Z
)[[t]] but over u(H(2n; 1)) as well. Note that
[F(k),F(k′)] = 0 for 1 ≤ k 6= k′ ≤ n. According to the definition of F(k), this fact
implies the following commutativity relations for 1 ≤ k 6= k′ ≤ n:
(F(k) ⊗ 1)(∆0 ⊗ Id)(F(k
′)) = (∆0 ⊗ Id)(F(k))(F(k
′)⊗ 1),
(1 ⊗F(k))(Id⊗∆0)(F(k
′)) = (Id⊗∆0)(F(k))(1 ⊗F(k
′)),
(2.1)
which give rise to the following property:
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Theorem 2.9. F(k)F(k′) (1 ≤ k 6= k′ ≤ n) is also a Drinfel’d twist on
U(H+
Z
)[[t]].
Proof. Note that ∆0 ⊗ id, id ⊗ ∆0, ε0 ⊗ id and id ⊗ ε0 are algebraic homo-
morphisms. According to Lemma 1.1, it suffices to check that(
F(k)F(k′)⊗ 1
)
(∆0 ⊗ Id)
(
F(k)F(k′)
)
=
(
1⊗F(k)F(k′)
)
(Id⊗∆0)
(
F(k)F(k′)
)
.
By using (2.1), we have
LHS = (F(k)⊗ 1)(F(k′)⊗ 1)(∆0 ⊗ Id)(F(k))(∆0 ⊗ Id)(F(k
′))
= (F(k)⊗ 1)(∆0 ⊗ Id)(F(k))(F(k
′)⊗ 1)(∆0 ⊗ Id)(F(k
′))
= (1 ⊗F(k))(Id⊗∆0)(F(k))(1 ⊗F(k
′)(Id⊗∆0)(F(k
′))
= (1 ⊗F(k))(1⊗ F(k′)(Id⊗∆0)(F(k))(Id ⊗∆0)(F(k
′)) = RHS.
This completes the proof. 
More generally, we have the following
Corollary 2.10. Let F(k1), . . . ,F(km) be m pairwise different vertical basic
Drinfel’d twists and [F(ki),F(ks)] = 0 for all 1 ≤ i 6= s ≤ n. Then F(k1) · · · F(km)
is still a Drinfel’d twist.
We set Fm := F(k1) · · · F(km) and call m its length. We shall show that the
twisted structures given by Drinfel’d twists with different lengths are nonisomor-
phic.
Definition 2.11. ([14],[17]) A Drinfel’d twist F ∈ A⊗A on any Hopf algebra
A is called compatible if F commutes with the coproduct ∆0.
In other words, twisting a Hopf algebra A with a compatible twist F gives
exactly the same Hopf algebra structure, that is, ∆F = ∆0. The set of compatible
twists on A thus forms a group.
Lemma 2.12. ([14]) Let F ∈ A⊗ A be a Drinfel’d twist on a Hopf algebra A.
Then the twisted structure induced by F coincides with the structure on A if and
only if F is a compatible twist.
Lemma 2.13. ([17]) Let F ,G ∈ A ⊗ A be Drinfel’d twists on a Hopf algebra
A with FG = GF and F 6= G. Then FG is a Drinfel’d twist. Furthermore, G is a
Drinfel’d twist on AF , F is a Drinfel’d twist on AG and ∆FG = (∆F )G = (∆G)F .
Proposition 2.14. Drinfel’d twists Fζ(i) := F(1)ζ1 · · · F(n)ζn , where ζ(i) =
(ζ1, . . . , ζn) = (1, . . . , 1︸ ︷︷ ︸
i
, 0, . . ., 0) ∈ Zn2 , lead to n different twisted Hopf algebra
structures on U(H+
Z
)[[t]].
Proof. The proof is the same as that of Proposition 2.15 in [17]. 
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3. Quantizations of vertical type for Lie bialgebras of Cartan type H
In this section we explicitly quantize the Lie bialgebras of typeH by the vertical
basic Drinfel’d twists and obtain certain quantizations of the restricted universal
enveloping algebra u(H(2n; 1)) by modular reduction and base change.
3.1. Integral quantizations of the Z-form H+
Z
in characteristic 0. For
the universal enveloping algebra U(H) of the Lie algebra H over F we denote by
(U(H),m, ι,∆0, S0, ε) the standard Hopf algebra structure. We can perform the
process of twisting the standard Hopf structure by the vertical Drinfel’d twist F(k)
with h := DH(x
ǫ−k+ǫk), e := DH(x
ǫ−k+2ǫk). In order to simplify the formulas, let us
introduce the operator d(ℓ) on U(H) defined by d(ℓ) := 1
ℓ! (ad e)
ℓ. By using induction
on ℓ, we get d(ℓ)(DH(x
α)) = AℓDH(x
α+ℓǫk), where Aℓ :=
1
ℓ!
ℓ−1∏
j=0
(αk−2α−k+ j) ∈ Z
(the latter follows from Lemma 2.6), and set A0 := 1, A−1 := 0.
Recall the vertical basic Drinfel’d twist of the Lie algebra of Cartan type S given
by h := ∂k−∂−k, e :=x
ǫk(∂k−2∂−k) in [17] and the vertical basic twist of the special
algebra in characteristic p given by h :=Dk,−k(x
(ǫ−k+ǫk)), e := 2Dk,−k(x
(ǫ−k+2ǫk)).
Note that H is a Lie subalgebra of S, and Di,−i(x
α) ∈ S for any xα ∈ Q2n. By
virtue of the quantizations of the Lie algebra of Cartan type S in [17] and the
formulas DH(x
α) =
n∑
i=1
Di,−i(x
α) =
n∑
i=1
xα−ǫi−ǫ−i(α−i∂i−αi∂−i) ∈ H ⊂ S, we
have the following result which gives the quantization of U(H) by the Drinfel’d
twist F(k).
Lemma 3.1. For DH(x
α) ∈ U(H) the following identities hold:
DH(x
α) · em =
m∑
ℓ=0
(−1)ℓ
(
m
ℓ
)
em−ℓaℓDH(x
α+ℓǫk),(i)
(
adDH(x
α)
)m
(e) =
m−1∏
j=0
(
(j − 1)αk − (j − 2)α−k
)
DH(x
m(α−ǫk−ǫ−k)+ǫ−k+2ǫk),
(ii)
where aℓ := ℓ!Aℓ and Aℓ is defined as before.
Proof. It is easy to get the first formula by a direct calculation. For the
second one use induction on m. This is true for m = 1, since adDH(x
α) · e =
[DH(x
α), DH(x
2ǫk+ǫ−k)] = (2α−k − αk)DH(x
α+ǫk). For m ≥ 1 we have
(adDH(x
α))m+1(e) = (adDH(x
α))
m−1∏
j=0
(
(j − 1)αk − (j − 2)α−k
)
DH(x
m(α−ǫk−ǫ−k)+ǫ−k+2ǫk)
=
m−1∏
j=0
(
(j − 1)αk − (j − 2)α−k
)
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n∑
i=1
(
α−i(m(α− ǫk − ǫ−k) + ǫ−k + 2ǫk)i − αi
(
m(α− ǫ−k − ǫk) + ǫ−k + 2ǫk
)
−i
)
DH(x
m(α−ǫk−ǫ−k)+ǫ−k+2ǫk+α−ǫi−ǫ−i)
=
m−1∏
j=0
(
(j − 1)αk − (j − 2)α−k
)(
(m− 1)αk − (m− 2)α−k
)
DH(x
m(α−ǫk−ǫ−k)+α+ǫk)
=
m∏
j=0
(
(j − 1)αk − (j − 2)α−k
)
DH(x
(m+1)(α−ǫk−ǫ−k)+2ǫk+ǫ−k).

By a direct calculation and similar arguments as in Lemma 3.3 of [17] we obtain
from Lemma 3.1:
Lemma 3.2. For DH(x
α) ∈ U(H), a ∈ F, and s ∈ Z one has(
(DH(x
α))s ⊗ 1
)
· Fa = Fa+s(α−k−αk) ·
(
(DH(x
α))s ⊗ 1
)
,(i)
(DH(x
α))s · ua = ua+s(αk−α−k)
( ∞∑
ℓ=0
d(ℓ)(DH(x
α))sh
〈ℓ〉
1−at
ℓ
)
,(ii)
(
1⊗ (DH(x
α))s
)
· Fa =
∞∑
ℓ=0
(−1)ℓFa+ℓ ·
(
h〈ℓ〉a ⊗ d
(ℓ)(DH(x
α))stℓ
)
.(iii)
Theorem 3.3. For the two distinguished elements h := DH(x
ǫ−k+ǫk) and
e := DH(x
ǫ−k+2ǫk) with [h, e] = e in the Lie algebra H of generalized Cartan type
H over F there exists the structure of a noncommutative and noncocommutative
Hopf algebra (U(H)[[t]],m, ι,∆, S, ε) that leaves the algebra structure of U(H)[[t]]
undeformed and has the following coproduct, antipode, and counit, respectively:
∆(DH(x
α))=DH(x
α)⊗(1−et)αk−α−k +
∞∑
ℓ=0
(−1)ℓh〈ℓ〉⊗(1−et)−ℓ · d(ℓ)(DH(x
α))tℓ,
S(DH(x
α)) = −(1−et)−(αk−α−k) ·
( ∞∑
ℓ=0
d(ℓ)(DH(x
α)) · h
〈ℓ〉
1 t
ℓ
)
,
and ε(DH(x
α)) = 0 for any DH(x
α) ∈ H.
Proof. By Lemma 1.1, Lemma 2.1, and Lemma 3.2, we have
∆(DH(x
α)) = F ·∆0(DH(x
α)) · F−1
= F · (DH(x
α)⊗ 1) · F + F · (1⊗DH(x
α)) · F
=
(
FFα−k−αk
)
· (DH(x
α)⊗1) +
∞∑
ℓ=0
(−1)ℓ
(
FFℓ
)
·
(
h〈ℓ〉⊗d(ℓ)(DH(x
α))tℓ
)
= DH(x
α)⊗ (1−et)αk−α−k +
∞∑
ℓ=0
(−1)ℓh〈ℓ〉 ⊗ (1−et)−ℓd(ℓ)(DH(x
α))tℓ,
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S(DH(x
α)) = u−1S0(DH(x
α))u = −v ·DHx
α · u
= −v · uαk−α−k ·
( ∞∑
ℓ=0
d(ℓ)(DH(x
α))h
〈ℓ〉
1 t
ℓ
)
= −(1−et)(α−k−αk) ·
( ∞∑
ℓ=0
d(ℓ)(DH(x
α))h
〈ℓ〉
1 t
ℓ
)
.
This completes the proof. 
Note that {DH(x
α) | α ∈ Z2n+ \ {0}} is a Z-basis of H
+
Z
and that H+
Z
is
a subalgebra of HZ and W
+
Z
. The following integral quantization of H+
Z
is of
importance for working out quantizations of U(H(2n; 1)).
Corollary 3.4. With the same distinguished elements (h, e) as above, the
coalgebra structure and the antipode of the integral quantization of U(H+
Z
) over
U(H+
Z
)[[t]] by the Drinfel’d twist F(k) with an undeformed algebra structure are
given by
∆(DH(x
α))=DH(x
α)⊗(1−et)αk−α−k+
∞∑
ℓ=0
(−1)ℓAℓh
〈ℓ〉⊗(1−et)−ℓ·(DH(x
α+ℓǫk))tℓ,
S(DH(x
α)) = −(1−et)−(αk−α−k) ·
( ∞∑
ℓ=0
Aℓ(DH(x
α+ℓǫk)) · h
〈ℓ〉
1 t
ℓ
)
,
and ε(DH(x
α)) = 0 for any α ∈ Z2n+ \ {0}, where Aℓ :=
1
ℓ!
ℓ−1∏
j=0
(αk−2α−k+j) ∈ Z
with A0 := 1, A−1 := 0 as before.
Proof. We can get the result from Theorem 3.3 and a direct calculation. 
3.2. Quantizations of the Hamiltonian algebra H(2n; 1). In this sub-
section we proceed in two steps to obtain quantizations of the restricted simple
Hamiltonian algebra H(2n; 1) in prime characteristic p. Firstly, in order to ob-
tain quantizations of the universal enveloping algebra U(H(2n; 1)) of H(2n; 1), we
reduce the quantization of U(H+
Z
) in characteristic 0 (see Corollary 3.4) modulo
p, and then we make a base change from K[[t]] to K[t]. Secondly, we shall apply
another base change from K[t] to K[t]
(q)
p to the quantization of U(H(2n; 1)) from
the first step and then a reduction modulo an appropriate ideal to finally obtain
the desired quantization of the restricted universal enveloping algebra u(H(2n; 1))
of H(2n; 1).
Let Zp be the prime subfield of a field K of prime characteristic p. When
consideringW+
Z
as a Zp-Lie algebra, denoted byW
+
Zp
, namely, reducing the defining
relations of W+
Z
modulo p, we see that (J1)Zp = SpanZp{x
αDi | ∃ j : αj ≥ p } is a
maximal ideal of W+
Zp
and that
W+
Zp
/(J1)Zp
∼= W(2n; 1)Zp = SpanZp{x
(α)Di | 0 ≤ α ≤ τ, 1 ≤ i ≤ 2n}.
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For the subalgebraH+
Z
we haveH+
Zp
/(H+
Zp
∩(J1)Zp)
∼= H′(2n; 1)Zp . In the following
we will denote H+
Zp
∩ (J1)Zp simply as (J
+
1 )Zp . Moreover, we have
H′(2n; 1) = K ⊗Zp H
′(2n; 1)Zp = KH
′(2n; 1)Zp ,
and H+K = KH
+
Zp
.
Observe that the ideal J+1 := K(J
+
1 )Zp generates an ideal of U(H
+
K) over K,
denoted by J := J+1 U(H
+
K), where H
+
K/J
+
1
∼= H′(2n; 1). It follows from the for-
mulas of Corollary 3.4 that J is a Hopf ideal of U(H+K) satisfying U(H
+
K)/J
∼=
U(H′(2n; 1)). Note that the elements
∑
ai,α
1
α!DH(x
α) in H+K, where 0 ≤ α ≤ τ ,
will be identified with
∑
ai,αDH(x
(α)) in H′(2n; 1) and those in J1 with 0. Hence
we obtain from Corollary 3.4 the quantization of U
(
H′(2n; 1)
)
over Ut(H
′(2n; 1)) :=
U(H′(2n; 1))⊗K K[t] (but not necessarily over U(H
′(2n; 1))[[t]], see formulas (3.1)
and (3.2) below):
Theorem 3.5. For the two distinguished elements h := DH(x
(ǫ−k+ǫk)) and
e := 2DH(x
(ǫ−k+2ǫk)) (1 ≤ k ≤ n) the coalgebra structure and the antipode of the
corresponding quantization of U(H′(2n; 1)) over Ut(H
′(2n; 1)) with an undeformed
algebra structure are given by
∆
(
DH(x
(α))
)
=DH(x
(α))⊗(1−et)αk−α−k+
p−1∑
ℓ=0
(−1)ℓAℓh
〈ℓ〉⊗(1−et)−ℓDH(x
(α+ℓǫk))h
〈ℓ〉
1 t
ℓ,
(3.1)
S
(
DH(x
(α))
)
= −(1−et)α−k−αk
p−1∑
ℓ=0
AℓDH(x
(α+ℓǫk))h
〈ℓ〉
1 t
ℓ,(3.2)
and ε
(
DH(x
(α))
)
= 0, where Aℓ := ℓ!
(
αk+ℓ
αk
)
Aℓ (mod p), Aℓ :=
1
ℓ!
∏ℓ−1
j=0(αk−2α−k+j),
A0 := 1, and A−1 := 0.
Proof. By Corollary 3.4, we have
∆
(
DH(x
(α))
)
=
1
α!
∆
(
DH(x
α)
)
= DH(x
(α))⊗(1−et)αk−α−k+
∞∑
ℓ=0
(−1)ℓ
(α+ ℓǫk)!
α!
Aℓh
〈ℓ〉⊗(1−et)−ℓ·(DH(x
(α+ℓǫk)))tℓ
=DH(x
(α))⊗(1−et)αk−α−k+
p−1∑
ℓ=0
(−1)ℓAℓh
〈ℓ〉⊗(1−et)−ℓDH(x
(α+ℓǫk))h
〈ℓ〉
1 t
ℓ.
Then we can get the other formulas by similar arguments. 
Note that when α+ℓǫk = τ , we have αk−2α−k+ℓ−1 = 0 (mod p), i.e., Aℓ =
0. Thus, Theorem 3.5 gives a quantization of U(H(2n; 1)) over Ut(H(2n; 1)) :=
U(H(2n; 1))⊗KK[t] (which is contained in U(H(2n; 1))[[t]] as a sub-Hopf algebra).
Recall that after reducing the integral quantization of U(H+
Z
) modulo p we used
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a base change from K[[t]] to K[t]. Correspondingly, the quantized object involved
has been changed from U(H(2n; 1))[[t]] to Ut(H(2n; 1)).
Denote by I the ideal of U(H)(2n; 1) over K generated by
(
DH(x
(α))
)p
with
α 6= ǫ−i + ǫi for 0 ≤ α < τ and
(
DH(x
(ǫ−i+ǫi))
)p
−DH(x
(ǫ−i+ǫi)) for 1 ≤ i ≤ n.
Note that u
(
H(2n; 1)
)
= U
(
H(2n; 1)
)
/I is of prime-power dimension pp
2n−2. In
order to get a reasonable quantization of prime-power dimension for u
(
H(2n; 1)
)
in characteristic p, it is necessary to choose an appropriate underlying vector space
in which the desired t-deformed object would exist. According to our modular
reduction approach, it should be induced from the K[t]-algebra Ut(H(2n; 1)) in
Theorem 3.5.
Firstly, we observe the following facts (for the proof, see [17] or [16]):
Lemma 3.6. (i) (1− et)p ≡ 1 (mod p, I).
(ii) (1− et)−1 ≡ 1 + et+ · · ·+ ep−1tp−1 (mod p, I).
(iii) h
〈ℓ〉
a ≡ 0 (mod p, I) for ℓ ≥ p, and a ∈ Zp.
Lemma 3.6 in conjunction with Theorem 3.5 indicates that the desired t-
deformation of u(H(2n; 1)) (if it exists) can only occur in a certain p-truncated
polynomial ring in one indeterminate t of degree less than p with coefficients
in u(H(2n; 1)), that is, ut,q(H(2n; 1)) := u(H(2n; 1)) ⊗K K[t]
(q)
p (rather than in
u(H(2n; 1)) ⊗KK[t]), where K[t]
(q)
p denotes the following quotient of K[t] depend-
ing on an element q ∈ K:
K[t](q)p = K[t]/(t
p − qt).
In order to ensure “restrictedness” in our second reduction, it is necessary for us
to first change from Ut(H(2n; 1)) to Ut,q(H(2n; 1)), and then to ut,q(H(2n; 1)) (see
the proof of Theorem 3.9 below). Here we used the second base change from K[t]
to K[t]
(q)
p . Thereby, we obtain a deformation ut,q(H(2n; 1)) of H(2n; 1) over the
ring K[t]
(q)
p with dimKut,q(H(2n; 1)) = p · dimKu(H(2n; 1)) = p
p2n−1.
The following definition is similar to the corresponding one in [17].
Definition 3.7. A Hopf algebra (ut,q(H(2n; 1)),m, ι,∆, S, ε) over a ringK[t]
(q)
p
of characteristic p is said to be a finite-dimensional quantization of u(H(2n; 1)) if it
is obtained from U(H+
Z
)[[t]] with its standard Hopf algebra structure by a Drinfel’d
twist, reduction modulo p, shrinking of base rings, and finally a reduction modulo
an appropriate ideal to ensure “restrictedness” such that there is an isomorphism
ut,q(H(2n; 1))/tut,q(H(2n; 1)) ∼= u(H(2n; 1)) as algebras.
Before we will be able to describe ut,q(H(2n; 1)) explicitly, we need to establish
another result:
Lemma 3.8. Let e := 2DH(x
(ǫ−k+2ǫk)), and d(ℓ) := 1
ℓ!ad e. Then
(i) d(ℓ)DH(x
(α)) = AℓDH(x
(α+ℓǫk)), where Aℓ ∈ Zp as in Theorem 3.5.
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(ii) d(ℓ)DH(x
(ǫ−i+ǫi)) = δℓ0DH(x
(ǫ−i+ǫi))− δℓ1δkie, for 1 ≤ i ≤ n.
(iii) d(ℓ)
(
DH(x
(α))
)p
= δℓ0
(
DH(x
(α))
)p
− δℓ1δα,ǫ−k+ǫke.
Proof. (i) and (ii) are easy to check.
(iii): According to Proposition 1.3(4) in Chapter 1 of [26], the following formula
holds for any elements a and c in an arbitrary associative algebra with unity:
cam =
m∑
ℓ=0
(−1)ℓ
(
m
ℓ
)
am−ℓ(ad a)ℓ(c).
Consequently, we have
d
(
DHx
(α)
)p
=
[
e,
(
DHx
(α)
)p ]
=
p∑
ℓ=1
(−1)ℓ
(
p
ℓ
)(
DHx
(α)
)p−ℓ
(adDHx
(α))ℓ(e)
≡ (−1)p
(
adDHx
(α)
)p
(e) (mod p)
= (−1)p
1
(α!)p
(adDHx
α)p(e)
≡
1
(α!)p
p−1∏
m=0
(
(m−2)α−k − (m−1)αk
)
DHx
p(α−ǫ−k−ǫk)+ǫ−k+2ǫk (mod p)
≡

−e if α = ǫ−k + ǫk0 if α 6= ǫ−k + ǫk (mod J).
It follows from the definition of d(ℓ) that d(ℓ)
(
(DHx
(α))p
)
= 0 for 2 ≤ ℓ ≤ p− 1
in u(H(2n; 1)). 
As a consequence of Theorem 3.5, Definition 3.7, and Lemma 3.8, we obtain
the following result:
Theorem 3.9. For the two distinguished elements h := DH(x
(ǫ−k+ǫk)) and e :=
2DH(x
(ǫ−k+2ǫk)) (1 ≤ k ≤ n) there is a pp
2n−1-dimensional noncommutative and
noncocummtative Hopf algebra (ut,q(H(2n; 1)),m, ι,∆, S, ε) over K[t]
(q)
p that has an
undeformed algebra structure and the following coalgebra structure resp. antipode:
∆(DH(x
(α)))=DH(x
(α))⊗(1−et)αk−α−k+
p−1∑
ℓ=0
(−1)ℓh〈ℓ〉⊗(1−et)−ℓd(ℓ)DH(x
(α))tℓ,
S
(
DH(x
(α))
)
= −(1−et)α−k−αk
p−1∑
ℓ=0
d(ℓ)
(
DH(x
(α))
)
h
〈ℓ〉
1 t
ℓ,
and ε
(
DH(x
(α))
)
= 0 for 0 ≤ α < τ and α 6= 0.
Proof. Set Ut,q(H(2n; 1)) := U(H(2n; 1)) ⊗K K[t]
(q)
p . Note that the state-
ment of Theorem 3.5 after the base change from K[t] to K[t]
(q)
p is still valid over
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Ut,q(H(2n; 1)). Denote by It,q the ideal of Ut,q(H(2n; 1)) over the ring K[t]
(q)
p gen-
erated by the same generators of the ideal I in U(H(2n; 1)) after applying a base
change from K to K[t]
(q)
p . We shall show that It,q is a Hopf ideal of Ut,q(H(2n; 1)).
It suffices to verify that ∆ and S preserve the generators of It,q in Ut,q(H(2n; 1)).
(I) Similar to Lemma 2.8 in [16] or Lemma 3.4 in [17], we get from Lemma 3.6:
∆
(
(DHx
(α))p
)
=
∑
0≤j≤p
ℓ≥0
(
p
j
)
(−1)ℓ(DHx
(α))jh〈ℓ〉 ⊗ (1−et)j(αk−α−k)−ℓd(ℓ)((DHx
(α))p−j)tℓ
=
(
DHx
(α)
)p
⊗ (1−et)p(αk−α−k) +
p−1∑
ℓ=0
(−1)ℓh〈ℓ〉 ⊗ (1−et)−ℓd(ℓ)((DHx
(α))p)tℓ
≡ (DHx
(α))p ⊗ 1 + 1⊗
(
DHx
(α)
)p
+ h〈1〉 ⊗ (1−et)−1
(
δα,ǫ−k+ǫke
)
t (mod p, It,q)
= (DHx
(α))p ⊗ 1 + 1⊗
(
DHx
(α)
)p
+ δα,ǫ−k+ǫkh⊗ (1−et)
−1et.
So, if α 6= ǫ−i + ǫi, we get
∆
(
(DHx
(α))p
)
= (DHx
(α))p ⊗ 1 + 1⊗ (DHx
(α))p
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q,
and if α = ǫ−i + ǫi, we obtain from Theorem 3.5 and Lemma 3.8(ii):
∆
(
DHx
(ǫ−i+ǫi)
)
= DH(x
(ǫ−i+ǫi))⊗ 1 + 1⊗DH(x
(ǫ−i+ǫi)) + δkih⊗ (1−et)
−1et.
Combining this with the above formula, we obtain
∆
(
(DHx
(ǫ−i+ǫi))p −DHx
(ǫ−i+ǫi)
)
≡
(
(DHx
(ǫ−i+ǫi))p −DHx
(ǫ−i+ǫi)
)
⊗ 1
+ 1⊗
(
(DHx
(ǫ−i+ǫi))p −DHx
(ǫ−i+ǫi)
)
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q.
Thereby, we have proved that the ideal It,q is a coideal of the Hopf algebraUt,q(H(2n; 1)).
(II) Similar to Lemma 2.8 in [16] or Lemma 3.4 in [17], we get from Lemma 3.8:
S
(
(DHx
(α))p
)
= (−1)p(1−et)−p(αk−α−k)
p−1∑
ℓ=0
d(ℓ)(DHx
(α))ph
〈ℓ〉
1 t
ℓ
≡ −
(
DHx
(α)
)p
+ (−1)(−1)δα,ǫ−k+ǫkeh
〈1〉
1 t
= −
(
DHx
(α)
)p
+ δα,ǫ−k+ǫkeh
〈1〉
1 t.
Therefore, when α 6= ǫ−i + ǫi, we get S
(
(DHx
(α))p
)
= −(DHx
(α))p ∈ It,q.
When α = ǫ−i + ǫi, by Theorem 3.5, we have
S
(
DHx
(ǫ−i+ǫi)
)
= −DHx
(ǫ−i+ǫi) + δkieh
〈1〉
1 t.
Consequently, we obtain
S
(
(DHx
(ǫ−i+ǫi))p −DHx
(ǫ−i+ǫi)
)
= −
(
(DHx
(ǫ−i+ǫi))p −DHx
(ǫ−i+ǫi)
)
∈ It,q.
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Thereby, the ideal It,q is indeed preserved by the antipode S of the quantization
Ut,q(H(2n; 1)).
(III) It is obvious to see that ε((DHx
(α))p) = 0 for all α 6= 0 with 0 ≤ α < τ .
In other words, we have proved that It,q is a Hopf ideal in Ut,q(H(2n; 1)). We
thus obtain the desired t-deformation of ut,q(H(2n; 1)) for the restricted simple
Hamiltonian algebra H(2n; 1). 
Remark 3.10. (i) Set f = (1− et)−1. From Lemma 3.8 and Theorem 3.9 one
gets
[h, f ] = f2 − f , hp = h , fp = 1 , ∆(h) = h⊗ f + 1⊗ h ,
where f is a group-like element, S(h) = −hf−1, and ε(h) = 0. So the subalgebra
generated by h and f is a Hopf subalgebra of ut,q(H(2n; 1)) that is isomorphic to
the well-known Radford Hopf algebra over K in characteristic p (see [23]).
(ii) Given a parameter q ∈ K, one can specialize t to any root of the p-
polynomial tp − qt ∈ K[t] in a splitting field of K. For instance, by choosing q = 1,
one can specialize t to any scalar in Zp. For t = 0 we get the original standard
Hopf algebra structure of u(H(2n; 1)). In this way, we indeed get a new Hopf
algebra structure for the restricted universal enveloping algebra u(H(2n; 1)) over
an algebraically closed field K consisting of the old algebra structure and a new
coalgebra structure induced by Theorem 3.9 but of dimension pp
2n−2.
3.3. More quantizations. We can consider the modular reduction process
for the quantizations of U(H+)[[t]] arising from certain products of pairwise differ-
ent and mutually commutative basic Drinfel’d twists. We will then obtain many
new families of noncommutative and noncocommutative Hopf algebras of dimension
pp
2n−1 with indeterminate t or of dimension pp
2n−2 by specializing t to an element
in K.
Let A(k)ℓ and A(k
′)n denote the coefficients of the corresponding quantizations
of U(H+
Z
) over U(H+
Z
)[[t]] given by Drinfel’d twists F(k) and F(k′), respectively
(see Corollary 3.4). Note that A(k)0 = A(k
′)0 = 1, A(k)−1 = A(k
′)−1 = 0.
Lemma 3.11. For two pairs of distinguished elements h(k) := DH(x
ǫ−k+ǫk) and
e(k) := DH(x
ǫ−k+2ǫk) as well as h(k′) := DH(x
ǫ−k′+ǫk′ ) and e(k′) := DH(x
ǫ−k′+2ǫk′ ),
where 1 ≤ k 6= k′ ≤ n, the coalgebra structure and the antipode of the integral quan-
tization of U(H+
Z
)[[t]] by the Drinfel’d twist F = F(k)F(k′) with an undeformed
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algebra structure are given by
∆(DH(x
α)) = DH(x
α)⊗ (1−e(k)t)αk−α−k(1−e(k′)t)αk′−α−k′
+
∞∑
n,ℓ=0
(−1)ℓ+nA(k′)ℓA(k)nh(k
′)〈ℓ〉h(k)〈n〉⊗
(1−e(k′)t)−ℓ(1−e(k)t)−nDH(x
α+ℓǫk′+nǫk tn+ℓ),
S(DH(x
α)) = −(1−e(k′)t)α−k′−αk′ (1−e(k)t)α−k−αk×
×
∑
n,ℓ≥0
A(k′)ℓA(k)nDH(x
α+ℓǫk+nǫk)h(k)
〈n〉
1 h(k
′)
〈ℓ〉
1 t
n+ℓ,
and ε(DHx
α) = 0 for DHx
α ∈ H+
Z
.
Proof. By using Corollary 3.4, we can get:
∆(DH(x
α)) = F(k)F(k′)∆0(DH(x
α))F(k′)−1F(k)−1
= F(k)
(
DH(x
α)⊗ (1 − e(k′)t)αk′−α−k′ +∑
ℓ≥0
(−1)ℓh(k′)〈ℓ〉 ⊗ (1− e(k′)t)−ℓA(k′)ℓDH(x
α+ℓǫk′ )tℓ
)
F(k)−1
= F(k)DH(x
α)⊗ (1− e(k′))αk′−α−k′F (k)
+F(k)
∑
ℓ≥0
(−1)ℓh(k′)ℓ ⊗ (1− e(k′)t)−ℓA(k′)ℓDH(x
α+ℓǫk′ )tℓF (k).
By Lemma 3.2, we can obtain
F(k)DH(x
α)⊗ (1− e(k′))αk′−α−k′F (k)
= F(k)(DH(x
α)⊗ 1)F (k)
(
1⊗ (1− e(k′)t)αk′−α−k′
)
= F(k)F (k)α−k−αk
(
DH(x
α)⊗ 1
)
(1⊗ (1− e(k′)t)αk′−α−k′ )
= DH(x
α)⊗ (1 − e(k)t)αk−α−k(1− e(k′)t)αk′−α−k′ ,
and
F(k)
∑
ℓ≥0
(−1)ℓh(k′)ℓ ⊗ (1− e(k′)t)−ℓA(k′)ℓDH(x
α+ℓǫk′ )tℓF (k)
=
∑
ℓ≥0
(−1)ℓ
(
h(k′)〈ℓ〉 ⊗ (1− e(k′)t)−ℓ
)
A(k′)ℓF(k)
(
1⊗DH(x
α+ℓǫk′ )
)
tℓF (k)
=
∑
ℓ≥0
(−1)ℓh(k′)〈ℓ〉 ⊗ (1− e(k′)t)−ℓA(k′)ℓF(k)×
∑
n≥0
(−1)nF (k)n
(
h(k)〈n〉 ⊗ d
(n)
k (DH(x
α+ℓǫk′ ))
)
tntℓ
=
∑
ℓ≥0
(−1)ℓ
(
h(k′)〈ℓ〉 ⊗ (1− e(k′)t)−ℓ
)
A(k′)ℓF(k)×
×
∑
n≥0
(−1)nF (k)n
(
h(k)〈n〉 ⊗A(k)nDH(x
α+ℓǫk′+nǫk)tn
)
tℓ
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=
∑
n,ℓ≥0
(−1)ℓ+n
(
h(k′)〈ℓ〉 ⊗ (1− e(k′)t)−ℓ
)
A(k′)ℓ ×
(
1⊗ (1 − e(k)t)−n
)(
h(k)〈n〉 ⊗A(k)nDH(x
α+ℓǫk′+nǫk)tn+ℓ
)
=
∑
n,ℓ≥0
(−1)ℓ+nh(k′)〈ℓ〉h(k)〈n〉 ⊗ (1− e(k′)t)−ℓ(1− e(k)t)−n ×
A(k′)ℓA(k)nDH(x
α+ℓǫk′+nǫk)tn+ℓ.
Hence we obtain the first statement. For the second one we have
S(DH(x
α)) = −v(k)v(k′)DH(x
α)u(k′)u(k)
= −v(k)(1− e(k′)t)α−k′−αk′
∑
ℓ≥0
A(k′)ℓDH(x
α+ℓǫk′ )h(k′)
〈ℓ〉
1 t
ℓu(k)
= −v(k)(1− e(k′)t)α−k′−αk′
∑
ℓ≥0
A(k′)ℓu(k)αk−α−k ×
×
∑
n≥0
A(k)nDH(x
α+ℓǫk′+nǫk)h(k)
〈n〉
1 t
nh(k′)
〈ℓ〉
1 t
ℓ
= −(1− e(k′)t)α−k′−αk′ (1 − e(k)t)α−k−αk ·∑
n,ℓ≥0
A(k′)ℓA(k)nDH(x
α+ℓǫk′+nǫk)h(k)
〈n〉
1 h(k
′)
〈ℓ〉
1 t
n+ℓ.
This completes the proof. 
Set d
(ℓ)
k :=
1
ℓ!(ad e(k))
ℓ. Denote the coefficients A¯ℓ, Aℓ in Theorem 3.5 now as
A¯(k)ℓ, A(k)ℓ. From Lemma 3.11 we get a new quantization of U(H(2n; 1)) over
Ut(H(2n; 1)) by the Drinfel’d twist F = F(k)F(k
′) as follows.
Lemma 3.12. For two pairs of distinguished elements h(k) := DHx
(ǫ−k+ǫk) and
e(k) := 2DHx
(ǫ−k+2ǫk) as well as h(k′) := DHx
(ǫ−k′+ǫk′) and e(k′) := 2DHx
(ǫ−k′+2ǫk′ )
with k 6= k′, the coalgebra structure and antipode of the corresponding quantization
of U(H(2n; 1)) over Ut(H(2n; 1)) with an undeformed algebra structure are given
by
∆
(
DH(x
(α))
)
= DH(x
(α))⊗ (1−e(k′)t)αk′−α−k′ (1−e(k)t)αk−α−k
+
p−1∑
n,ℓ=0
(−1)ℓ+nA¯(k′)ℓA¯(k)nh(k
′)〈ℓ〉h(k)〈n〉⊗
(1−e(k′)t)−ℓ(1−e(k)t)−nDH(x
(α+ℓǫk′+nǫk))tn+ℓ,
S
(
DH(x
(α))
)
= (1−e(k′)t)α−k′−αk′ (1−e(k)t)α−k−αk×
×
p−1∑
n,ℓ=0
A¯(k′)ℓA¯(k)nDH(x
(α+ℓǫk′+nǫk))h(k′)
〈ℓ〉
1 h(k)
〈n〉
1 t
n+ℓ,
and ε
(
DHx
(α)
)
= 0 for 0 ≤ α < τ .
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Proof. From Lemma 3.11 we obtain
∆
(
DH(x
(α))
)
=
1
α!
∆
(
DH(x
α)
)
= DH(x
(α))⊗ (1−e(k)t)αk−α−k(1−e(k′)t)αk′−α−k′
+
1
α!
∞∑
n,ℓ=0
(−1)ℓ+n
(α+ ℓǫk′ + nǫk)!
α!
A(k′)ℓA(k)nh(k
′)〈ℓ〉h(k)〈n〉⊗
(1−e(k′)t)−ℓ(1−e(k)t)−nDH(x
(α+ℓǫk′+nǫk))tn+ℓ
= DH(x
(α))⊗ (1−e(k′)t)αk′−α−k′ (1−e(k)t)αk−α−k
+
p−1∑
n,ℓ=0
(−1)ℓ+nA¯(k′)ℓA¯(k)nh(k
′)〈ℓ〉h(k)〈n〉⊗
(1−e(k′)t)−ℓ(1−e(k)t)−nDH(x
(α+ℓǫk′+nǫk))tn+ℓ.
The other two formulas can be proved in a similar way. 
Lemma 3.13. For s ≥ 1 one has
∆((DH(x
(α)))s) =
∑
0≤j≤s
0≤n,ℓ≤p−1
(
s
j
)
(−1)n+ℓ(DH(x
(α)))jh(k′)〈ℓ〉h(k)〈n〉⊗
(
1−e(k′)t
)j(αk′−α−k′ )−ℓ(1−e(k)t)j(αk−α−k)−n×
× d
(n)
k d
(ℓ)
k′ ((DH(x
(α)))s−j)tn+ℓ.
S((DH(x
(α)))s) = (−1)s
(
1−e(k)t
)−s(αk−α−k)(1−e(k′)t)−s(αk′−α−k′ )×
×
( p−1∑
n,ℓ=0
d
(n)
k d
(ℓ)
k′ ((DH(x
(α)))s)h(k′)
〈l〉
1 h(k)
〈n〉
1 t
n+ℓ
)
.
Proof. Similar to Lemma 2.8 in [16] or Lemma 3.4 in [17], we get from
Lemma 3.2:
∆((DH(x
(α)))s) = F
(
DH(x
(α))⊗ 1 + 1⊗DH(x
(α))
)s
F−1
= F(k)
( ∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)ℓ(DH(x
(α)))jh(k′)〈ℓ〉 ⊗
(
1−e(k′)t
)j(αk′−α−k′ )−ℓ ×
×d
(ℓ)
k′ (DH(x
(α)))s−jtℓ
)
F(k)−1
= F(k)
( ∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)ℓ
(
(DH(x
(α)))j ⊗ 1
)
·
(
h(k′)〈ℓ〉 ⊗
(
1−e(k′)t
)j(αk′−α−k′ )−ℓ)×
×
(
1⊗ d
(ℓ)
k′ (DH(x
(α)))s−jtℓ
))
F(k)−1
= F(k)
∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)ℓ
(
(DH(x
(α)))j ⊗ 1
)
×
(
h(k′)〈ℓ〉 ⊗
(
1−e(k′)t
)j(αk′−α−k′ )−ℓ)×
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×
( ∞∑
n=0
(−1)nF (k)nh(k)
〈n〉 ⊗ d
(n)
k
(
d
(ℓ)
k′ (DH(x
(α)))s−j
)
tntℓ
)
= F(k)
∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)ℓF (k)n+j(α−k−αk)
(
(DH(x
(α)))jh(k′)〈ℓ〉 ⊗
(
1−e(k′)t
)j(αk′−α−k′ )−ℓ)× ( ∞∑
n=0
(−1)nh(k)〈n〉 ⊗ d
(n)
k
(
d
(ℓ)
k′ (DH(x
(α)))s−j
)
tn+ℓ
)
=
∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)n+ℓ(DH(x
(α)))jh(k′)〈ℓ〉h(k)〈n〉 ⊗
(1− e(k)t)j(αk−α−k)−n(1−e(k′)t
)j(αk′−α−k′ )−ℓ
d
(n)
k
(
d
(ℓ)
k′ (DH(x
(α)))s−j
)
tn+ℓ.
Similarly,
S((DH(x
(α)))s) = u−1S0((DH(x
(α)))s)u
= v(k)v(k′)(−1)s(DH(x
(α)))su(k′)u(k)
= (−1)sv(k)(1 − e(k′)t)s(α−k′−αk′ )
∑
ℓ≥0
d
(ℓ)
k′ (DH(x
(α)))sh(k′)
〈ℓ〉
1 t
ℓu(k)
= (−1)sv(k)(1 − e(k′)t)s(α−k′−αk′ )
∑
ℓ≥0
u(k)s(αk−α−k)
×
∑
n≥0
d
(n)
k
(
d
(ℓ)
k′ (DH(x
(α)))s
)
h(k)
〈n〉
1 h(k
′)
〈ℓ〉
1 t
n+ℓ
= (−1)s(1− e(k)t)s(α−k−αk)(1− e(k′)t)s(α−k′−αk′)∑
n,ℓ≥0
d
(n)
k
(
d
(ℓ)
k′ (DH(x
(α)))s
)
h(k)
〈n〉
1 h(k
′)
〈ℓ〉
1 t
n+ℓ.
This completes the proof. 
Lemma 3.14. Set e(k) := 2DH(x
(ǫ−k+2ǫk)), e(k′) := 2DH(x
(ǫ−k′+2ǫk′ )), d
(n)
k :=
1
n!(ad e(k))
n, and d
(ℓ)
k′ :=
1
ℓ!(ad e(k
′))ℓ. Then
(i) d
(n)
k d
(ℓ)
k′
(
DH(x
(α))
)
= A¯(k′)ℓA¯(k)nDH(x
(α+ℓǫk′+nǫk)) with A¯(k′)ℓ, A¯(k)n ∈
Zp.
(ii) d
(n)
k d
(ℓ)
k′
(
DH(x
(ǫ−i+ǫi))
)
= δℓ0δn0DH(x
(ǫ−i+ǫi))−δℓ0δn1δkie(k)−δℓ1δk′iδn0e(k
′).
(iii) d
(n)
k d
(ℓ)
k′
((
DH(x
(α))
)p)
= δℓ0δn0
(
DH(x
(α))
)p
− δℓ0δn1δα,ǫ−k+ǫke(k)
− δℓ1δn0δα,ǫ−k′+ǫk′ e(k
′).
Proof. (i) For 0 ≤ α < τ we obtain from Lemma 3.8(i):
d
(n)
k d
(ℓ)
k′
(
DH(x
(α))
)
= d
(n)
k A¯(k
′)ℓDH(x
(α+ℓǫk′ ))
= A¯(k′)ℓ
1
(α+ℓǫk′)!
d
(n)
k
(
DH(x
α+ℓǫk′ )
)
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= A¯(k′)ℓ
1
(α+ℓǫk′)!
1
n!
n−1∏
j=0
(
(α+ℓǫk′)k−2(α+ℓǫk′)−k+j
)
DH(x
α+ℓǫk′+nǫk)
= A¯(k′)ℓ
1
(α+ℓǫk′)!
1
n!
n−1∏
j=0
(αk−2α−k+j)DH(x
α+ℓǫk′+nǫk)
= A¯(k′)ℓA¯(k)nDH(x
(α+ℓǫk′+nǫk)).
(ii) By Lemma 3.8(ii), we have
d
(n)
k d
(ℓ)
k′
(
DH(x
(ǫ−i+ǫi))
)
= d
(n)
k
(
δℓ0DH(x
(ǫ−i+ǫi))− δℓ1δk′ie(k
′)
)
= δℓ0
(
δn0DH(x
(ǫ−i+ǫi))− δn1δkie(k)
)
− δℓ1δk′iδn0e(k
′)
= δℓ0δn0DH(x
(ǫ−i+ǫi))− δℓ0δn1δkie(k)− δℓ1δk′iδn0e(k
′).
(iii) By Lemma 3.8(iii), we get
d
(n)
k d
(ℓ)
k′
((
DH(x
(α))
)p)
= d
(n)
k
(
δℓ0
(
DH(x
(α))
)p
− δℓ1δα,ǫ−k′+ǫk′ e(k
′)
)
= δℓ0
(
δn0
(
DH(x
(α))
)p
− δn1δα,ǫ−k+ǫke(k)
)
− δℓ1δn0δα,ǫ−k′+ǫk′ e(k
′)
= δℓ0δn0
(
DH(x
(α))
)p
− δℓ0δn1δα,ǫ−k+ǫke(k)− δℓ1δn0δα,ǫ−k′+ǫk′ e(k
′).
This completes the proof. 
By using Lemmas 3.6, 3.12, 3.13, and 3.14, we obtain a new Hopf algebra
structure for the restricted universal enveloping algebra u(H(2n; 1)) over K by the
product of two different and commuting vertical basic Drinfel’d twists keeping the
old algebra structure but having a new coalgebra structure and a new antipode.
Theorem 3.15. For two pairs of distinguished elements h(k) := DH(x
(ǫ−k+ǫk))
and e(k) := 2DH(x
(ǫ−k+2ǫk)) as well as h(k′) := DH(x
(ǫ−k′+ǫk′)) and e(k′) :=
2DH(x
(ǫ−k′+2ǫk′)) with 1 ≤ k 6= k′ ≤ n, there exists a pp
2n−1-dimensional non-
commutative and noncocummtative Hopf algebra (ut,q(H(2n; 1)),m, ι,∆, S, ε) over
K[t]
(q)
p that has an undeformed algebra structure and the following coalgebra struc-
ture resp. antipode:
∆(DH(x
(α))) = DH(x
(α))⊗ (1−e(k′)t)αk′−α−k′ (1−e(k)t)αk−α−k
+
p−1∑
n,ℓ=0
(−1)ℓ+nh(k′)〈ℓ〉h(k)〈n〉 ⊗ (1−e(k′)t)−ℓ(1−e(k)t)−n×
× d
(n)
k d
(ℓ)
k′
(
DH(x
(α))
)
tn+ℓ,
S(DH(x
(α))) = −(1−e(k′)t)α−k′−αk′ (1−e(k)t)α−k−αk×
×
p−1∑
n,ℓ=0
d
(n)
k d
(ℓ)
k′
(
DH(x
(α))
)
h(k′)
〈ℓ〉
1 h(k)
〈n〉
1 t
n+ℓ,
and ε(DH(x
(α))) = 0, for 0 ≤ α < τ .
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Proof. Let It,q denote the ideal of (Ut,q(H(2n; 1)),m, ι,∆, S, ε) over the ring
K[t]
(q)
p generated by the same generators as in I, and let q ∈ K. Observe that the
result in Lemma 3.12, via the base change from K[t] to K[t]
(q)
p , is still valid for
Ut,q(H(2n; 1)).
In what follows, we shall show that It,q is a Hopf ideal of Ut,q(H(2n; 1)). To
this end, it suffices to verify that ∆ and S preserve the generators of It,q.
(I) By Lemmas 3.13, 3.6, and 3.14, we obtain
∆
(
DH(x
(α)))p
)
= (DH(x
(α)))p ⊗ (1−e(k′)t)p(αk′−α−k′ )(1−e(k)t)p(αk−α−k)
+
p−1∑
n,ℓ=0
(−1)n+ℓh(k′)〈ℓ〉h(k)〈n〉 ⊗ (1−e(k′)t)−ℓ(1−e(k)t)−n×
× d
(n)
k d
(ℓ)
k′
(
(DH(x
(α)))p
)
tn+ℓ (mod p, It,q)
≡ (DH(x
(α)))p ⊗ 1 +
p−1∑
n,ℓ=0
(−1)n+ℓh(k′)〈ℓ〉h(k)〈n〉 ⊗ (1−e(k′)t)−ℓ(1−e(k)t)−n×
×
(
δℓ0δn0
(
DH(x
(α))
)p
−δℓ0δn1δα,ǫ−k+ǫke(k)−δℓ1δn0δα,ǫ−k′+ǫk′ e(k
′)
)
tn+ℓ
= (DH(x
(α)))p ⊗ 1 + 1⊗ (DH(x
(α)))p + δα,ǫ−k+ǫkh(k)⊗ (1−e(k)t)
−1e(k)t
+ δα,ǫ−k′+ǫk′h(k
′)⊗ (1−e(k′)t)−1e(k′)t.
Hence, when α 6= ǫ−i + ǫi, we get
∆
(
(DH(x
(α)))p
)
≡ (DH(x
(α)))p ⊗ 1 + 1⊗ (DH(x
(α)))p
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q.
When α = ǫ−i + ǫi, by Lemma 3.13 for s = 1 and Lemma 3.14(ii), we have
∆(DH(x
(ǫ−i+ǫi))) = DH(x
(ǫ−i+ǫi))⊗ 1 +
p−1∑
n,ℓ=0
(−1)n+ℓh(k′)〈ℓ〉h(k)〈n〉 ⊗ (1−e(k′)t)−ℓ×
× (1−e(k)t)−n
(
δℓ0δn0DH(x
(ǫ−i+ǫi))− δℓ0δn1δkie(k)− δ1ℓδk′iδn0e(k
′)
)
tn+ℓ
= DH(x
(ǫ−i+ǫi))⊗ 1 + 1⊗DH(x
(ǫ−i+ǫi)) + δkih(k)⊗ (1−e(k)t)
−1e(k)t
+ δk′ih(k
′)⊗ (1−e(k′)t)−1e(k′)t.
By combining this with the above formula, we obtain
∆
(
(DH(x
(ǫ−i+ǫi)))p −DH(x
(ǫ−i+ǫi))
)
=
(
(DH(x
(ǫ−i+ǫi)))p −DH(x
(ǫ−i+ǫi))
)
⊗ 1
+ 1⊗
(
(DH(x
(ǫ−i+ǫi)))p −DH(x
(ǫ−i+ǫi))
)
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q.
Thereby, we have proved that the ideal It,q is a coideal of the Hopf algebraUt,q(H(2n; 1)).
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(II) By Lemmas 3.13, 3.6 and 3.14, we have
S
(
(DH(x
(α)))p
)
= (−1)p(1−e(k′)t)p(α−k′−αk′ )(1−e(k)t)p(α−k−αk)×
×
p−1∑
n,ℓ=0
d
(n)
k d
(ℓ)
k′
(
(DH(x
(α)))p
)
h(k′)
〈ℓ〉
1 h(k)
〈n〉
1 t
n+ℓ (mod p, It,q)
≡ −(DH(x
(α)))p + δα,ǫ−k+ǫke(k)h(k)
〈1〉
1 t+ δα,ǫ−k′+ǫk′ e(k
′)h(k′)
〈1〉
1 t.
Hence, when α 6= ǫ−i + ǫi, we get
S
(
(DH(x
(α)))p
)
= −(DH(x
(α)))p ∈ It,q.
When α = ǫ−i + ǫi, by Lemma 3.13 for s = 1 and Lemma 3.14(ii), we have
S(DH(x
(ǫ−i+ǫi))) = −
p−1∑
n,ℓ=0
d
(n)
k d
(ℓ)
k′
(
DH(x
(ǫ−i+ǫi))
)
h(k′)
〈ℓ〉
1 h(k)
〈n〉
1 t
n+ℓ
= −
p−1∑
n,ℓ=0
(
δℓ0δn0DH(x
(ǫ−i+ǫi))−δℓ0δn1δkie(k)−δℓ1δn0δk′ie(k
′)
)
h(k′)
〈ℓ〉
1 h(k)
〈n〉
1 t
n+ℓ
= −DH(x
(ǫ−i+ǫi)) + δkie(k)h(k)
〈1〉
1 t+ δk′ie(k
′)h(k′)
〈1〉
1 t.
By combining this with the above formula, we obtain
S
(
(DH(x
(ǫ−i+ǫi)))p−DH(x
(ǫ−i+ǫi))
)
= −
(
(DH(x
(ǫ−i+ǫi)))p−DH(x
(ǫ−i+ǫi))
)
∈ It,q.
Thereby, we show that the ideal It,q is indeed preserved by the antipode H of
the quantization Ut,q(H(2n; 1)).
(III) It is obvious to notice that ε((DH(x
(α)))p) = 0 for all 0 ≤ α < τ .
This completes the proof. 
4. Quantizations of horizontal type for Lie bialgebras of Cartan type H
4.1. Quantizations of horizontal type of u(H(2n; 1)). In this section we
assume that n ≥ 2. Consider h := DH(x
ǫ−k+ǫk) and e := DH(x
ǫk+ǫm), where
1 ≤ k, |m| ≤ n,m 6= ±k, and denote by F(k;m) the corresponding horizontal basic
Drinfel’d twist. Set d(ℓ) := 1
ℓ! (ad e)
ℓ. For m ∈ {−n, . . . ,−1, 1, . . . , n} set σ(m) := 1
for m < 0 and σ(m) := −1 for m > 0. By using the horizontal Drinfel’d twists, we
will obtain some new quantizations of horizontal type for the restricted universal
enveloping algebra of the Hamiltonian algebra H(2n; 1). The twisted structures
given by the twists F(k;m) on the subalgebra H(2n; 1)0 are the same as those on
the sympletic Lie algebra sp2n over a field K with char(K) = p obtained by using
the Jordanian twists F := exp(h⊗σ), where σ := ln(1−e) for some two-dimensional
carrier subalgebra B(2) = SpanK{h, e} discussed in by Kulish et al (see [19], [1],
etc.)
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Lemma 4.1. For h := DH(x
ǫ−k+ǫk) and e := DH(x
ǫk+ǫm) (1 ≤ k, |m| ≤ n, m 6=
±k), and a ∈ F, DH(x
α), ai ∈ H, the following identities hold in U(H) :
DH(x
α)·h〈s〉a = h
〈s〉
a+(α−k−αk)
·DH(x
α), DH(x
α)·h[s]a = h
[s]
a+(α−k−αk)
·DH(x
α),(i)
d(ℓ)(DH(x
α)) =
ℓ∑
j=0
AjBℓ−jDH(x
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)),(ii)
d(ℓ)(a1 · · · as) =
∑
ℓ1+···+ℓs=ℓ
d(ℓ1)(a1) · · · d
(ℓs)(as),(iii)
DH(x
α) · es =
s∑
ℓ=0
(−1)ℓℓ!
(
s
ℓ
)
es−ℓ · d(ℓ)(DH(x
α)),(iv)
where Aj =
(−1)j
j!
j−1∏
i=0
(α−k−i) ∈ Z, Bj =
σ(m)j
j!
j−1∏
i=0
(α−m−i) ∈ Z with A0 = B0 = 1,
Aj = 0, for j > α−k, Bj = 0 for j > α−m.
Proof. We only prove (ii) as the proof of the other identities is the same as
in [17].
(ii) Use induction on ℓ. This holds for ℓ = 1, since
d(DH(x
α)) = [DH(x
ǫk+ǫm), DH(x
α)]
=
n∑
i=1
(
∂−i(ǫk+ǫm)αi − ∂i(ǫk+ǫm)α−i
)
DH(x
α+ǫk+ǫm−ǫ−i−ǫi)
=

−α−mDH(x
α+ǫk−ǫ−m)− α−kDH(x
α+ǫm−ǫ−k), m > 0
α−mDH(x
α+ǫk−ǫ−m)− α−kDH(x
α+ǫm−ǫ−k), m < 0
= σ(m)α−mDH(x
α+ǫk−ǫ−m)− α−kDH(x
α+ǫm−ǫ−k).
For ℓ ≥ 1 we have
d(ℓ+1)DH(x
α) =
1
ℓ+1
ℓ∑
j=0
AjBℓ−jd
(
DH(x
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
)
=
1
ℓ+1
ℓ∑
j=0
AjBℓ−j
(
σ(m)
(
α−m−(ℓ−j)
)
DH(x
α+(ℓ−j+1)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
−(α−k−j)DH(x
α+(ℓ−j)(ǫk−ǫ−m)+(j+1)(ǫm−ǫ−k))
)
=
ℓ∑
j=0
ℓ−j+1
ℓ+1
AjBℓ−j+1DH(x
α+(ℓ−j+1)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
+
ℓ+1∑
j=1
j
ℓ+1
AjBℓ−j+1DH(x
α+(ℓ−j+1)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
= Bℓ+1DH(x
α+(ℓ+1)(ǫk−ǫ−m))
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+
ℓ∑
j=1
AjBℓ−j+1
( ℓ−j+1
ℓ+1
+
j
ℓ+1
)
DH(x
α+(ℓ−j+1)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
+Aℓ+1DH(x
α+(ℓ+1)(ǫm−ǫ−k))
=
ℓ+1∑
j=0
AjBℓ+1−jDH(x
α+(ℓ+1−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)).
This completes the proof. 
Lemma 4.2. For h := DH(x
ǫ−k+ǫk), e := DH(x
ǫk+ǫm), (1 ≤ k, |m| ≤ n,
m 6= ±k), and a ∈ F, DH(x
α) ∈ H, the following identities hold in U(H):
(adDH(x
α))s(e) =
s∑
i=0
(−σ(m))i
(
s
i
)
A(s−i−1, k)A(i−1,m)×(i)
×DH(x
sα−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk+ǫm),(
(DH(x
α))s ⊗ 1
)
· Fa = Fa+s(α−k−αk) ·
(
(DH(x
α))s ⊗ 1
)
,(ii)
(DH(x
α))s · ua = ua+s(αk−α−k)
( ∞∑
ℓ=0
d(ℓ)((DH(x
α))s) · h
〈ℓ〉
1−at
ℓ
)
,(iii)
(
1⊗ (DH(x
α))s
)
· Fa =
∞∑
ℓ=0
(−1)ℓFa+ℓ ·
(
h〈ℓ〉a ⊗ d
(ℓ)((DH(x
α))s)tℓ
)
,(iv)
where A(i, k) =
i∏
j=0
(jαk−(j−1)α−k) with A(i, k) = 1 for i < 0.
Proof. (i) Use induction on s. This is true for s = 1, since
adDH(x
α)(e) = [DH(x
α), DH(x
ǫk+ǫm)]
= α−kDH(x
α+ǫm−ǫ−k)− σ(m)α−mDH(x
α+ǫk−ǫ−m).
For s ≥ 1 we have
(adDH(x
α))s+1(e) =
s∑
i=0
(−σ(m))i
(
s
i
)
A(s−i−1, k)A(i−1,m)×
× [DH(x
α), DH(x
sα−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk+ǫm)],
where
[DH(x
α), DH(x
sα−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk+ǫm)]
=
(
(s−i)αk−(s−i−1)α−k
)
DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)−ǫ−k+ǫm)
− σ(m)
(
iαm−(i−1)α−m
)
DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk−ǫ−m).
So we can get
(adDH(x
α))s+1(e) =
s∑
i=0
(−σ(m))i
(
s
i
)
A(s−i−1, k)A(i−1,m)×
×
((
(s−i)αk−(s−i−1)α−k
)
DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)−ǫ−k+ǫm)
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−σ(m)
(
iαm−(i−1)α−m
)
DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk−ǫ−m)
)
=
s∑
i=0
(−σ(m))i
(
s
i
)
A(s−i, k)A(i−1,m)DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)−ǫ−k+ǫm)
+
s∑
i=0
(−σ(m))i+1
(
s
i
)
A(s−i−1, k)A(i,m)DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)+ǫk−ǫ−m)
=
s∑
i=0
(−σ(m))i
(
s
i
)
A(s−i, k)A(i−1,m)DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)−ǫ−k+ǫm)
+
s+1∑
i=1
(−σ(m))i
(
s
i−1
)
A(s−i, k)A(i−1,m)DH(x
(s+1)α−i(ǫ−m+ǫm)−(s−i)(ǫ−k+ǫk)−ǫ−k+ǫm)
=
s+1∑
i=0
(−σ(m))i
(
s+1
i
)
A(s−i, k)A(i−1,m)DH(x
(s+1)α−i(ǫ−m+ǫm)−(s+1−i)(ǫ−k+ǫk)+ǫk+ǫm).
(ii) By Lemma 4.1, we have
(
(DH(x
α))s ⊗ 1
)
· Fa =
(
(DH(x
α))s ⊗ 1
)
·
∞∑
r=0
1
r!
h〈r〉a ⊗ e
rtr
=
∞∑
r=0
1
r!
h
〈r〉
a+s(α−k−αk)
(DH(x
α))s ⊗ ertr
= Fa+s(α−k−αk) ·
(
(DH(x
α))s ⊗ 1
)
.
(iii) Use induction on s. For s = 1 we have
DH(x
α) · ua = DH(x
α)
( ∞∑
r=0
(−1)r
r!
h
[r]
−ae
rtr
)
=
∞∑
r=0
(−1)r
r!
h
[r]
−a+(α−k−αk)
DH(x
α) · ertr
=
∞∑
r=0
(−1)r
r!
h
[r]
−a+(α−k−αk)
r∑
ℓ=0
(−1)ℓℓ!
(
r
ℓ
)
er−ℓd(ℓ)(DHx
(α))tr
=
∞∑
r,ℓ=0
(−1)r+ℓ
(r+ℓ)!
h
[r+ℓ]
−a+(α−k−αk)
(−1)ℓℓ!
(
r+ℓ
ℓ
)
erd(ℓ)(DHx
(α))tr+ℓ
=
∞∑
r,ℓ=0
(−1)r
r!
h
[r]
−a+(α−k+αk)
h
[ℓ]
−a+(α−k−αk)−r
erd(ℓ)(DHx
(α))tr+ℓ
=
∞∑
r,ℓ=0
(−1)r
r!
h
[r]
−a+(α−k−αk)
ertrh
[ℓ]
−a+(α−k−αk)
d(ℓ)(DHx
(α))tℓ
= ua+(αk−α−k) ·
∞∑
ℓ=0
h
[ℓ]
−a+(α−k−αk)
d(ℓ)(DHx
(α))tℓ
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= ua+(αk−α−k) ·
∞∑
ℓ=0
d(ℓ)(DHx
(α))h
[ℓ]
−a+ℓt
ℓ
= ua+(αk−α−k) ·
∞∑
ℓ=0
d(ℓ)(DH(x
α))h
〈ℓ〉
1−at
ℓ.
Suppose the identity holds for s ≥ 1. Then we have
(DH(x
α))s+1 · ua = DH(x
α) ·ua+s(αk−α−k)
∞∑
r=0
d(ℓ)((DH(x
α))s)h
〈ℓ〉
1−at
ℓ
= ua+(s+1)(αk−α−k)
∞∑
ℓ′=0
d(ℓ
′)(DH(x
α))h
〈ℓ′〉
1−a−s(αk−α−k)
tℓ
′
·
∞∑
ℓ=0
d(ℓ)((DH(x
α))s)h
〈ℓ〉
1−at
ℓ
= ua+(s+1)(αk−α−k)
∞∑
ℓ′,ℓ=0
d(ℓ
′)(DH(x
α))d(ℓ)((DH(x
α))s)h
〈ℓ′〉
1−a+ℓh
〈ℓ〉
1−at
ℓ+ℓ′
= ua+(s+1)(αk−α−k)
∞∑
ℓ=0
d(ℓ)((DH(x
α))s+1)h
〈ℓ〉
1−at
ℓ.
(iv) Use induction on s. For s = 1 we have
(1 ⊗DH(x
α)) · Fa = (1⊗DH(x
α)) ·
∞∑
r=0
1
r!
h〈r〉a ⊗ e
rtr
=
∞∑
r=0
1
r!
h〈r〉a ⊗
r∑
ℓ=0
(−1)ℓℓ!
(
r
ℓ
)
er−ℓd(ℓ)(DH(x
α))tr
=
∞∑
r,ℓ=0
ℓ!
(r + ℓ)!
h〈r+ℓ〉a ⊗ (−1)
ℓ
(
r + ℓ
ℓ
)
erd(ℓ)(DH(x
α))tr+ℓ
=
∞∑
r,ℓ=0
1
r!
h
〈r〉
a+ℓh
〈ℓ〉
a ⊗ (−1)
ℓerd(ℓ)(DH(x
α))tr+ℓ
=
∞∑
r=0
(−1)ℓFa+ℓ
(
h〈ℓ〉a ⊗ d
(ℓ)(DH(x
α))
)
tℓ.
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Suppose the identity holds for s ≥ 1. Then we have
(
1⊗ (DH(x
α))s+1
)
· Fa =
(
1⊗DH(x
α)
)( ∞∑
ℓ=0
(−1)ℓFa+ℓ
(
h〈ℓ〉a ⊗ d
(ℓ)(DH(x
α))s
)
tℓ
)
=
∞∑
ℓ,ℓ′=0
(−1)ℓ
′
Fa+ℓ+ℓ′
(
h
〈ℓ′〉
a+ℓ ⊗ d
(ℓ′)(DH(x
α))
)
tℓ
′
(
(−1)ℓh〈ℓ〉a ⊗ d
(ℓ)(DH(x
α))s
)
tℓ
=
∞∑
ℓ,ℓ′=0
(−1)ℓ+ℓ
′
Fa+ℓ+ℓ′
(
h
〈ℓ′〉
a+ℓh
〈ℓ〉
a ⊗ d
(ℓ′)(DHx
(α))d(ℓ)(DH(x
α))s
)
tℓ+ℓ
′
=
∞∑
ℓ=0
(−1)ℓFa+ℓ
(
h〈ℓ〉a ⊗ d
(ℓ)(DH(x
α))s+1
)
tℓ.
This completes the proof. 
Lemma 4.3. For the two distinguished elements h := DH(x
ǫ−k+ǫk) and e :=
DH(x
ǫk+ǫm) (1 ≤ k, |m| ≤ n,m 6= ±k) the coalgebra structure and the antipode of
the corresponding horizontal integral quantization of U(H+
Z
) over U(H+
Z
)[[t]] by the
Drinfel’d twist F(k,m) with an undeformed algebra structure are given by
∆(DH(x
α)) = DH(x
α)⊗ (1−et)αk−α−k +
∞∑
ℓ=0
ℓ∑
j=0
(−1)ℓAjBℓ−jh
〈ℓ〉⊗(4.1)
(1−et)−ℓDH(x
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))tℓ,
S(DH(x
α)) = −(1−et)α−k−αk
∞∑
ℓ=0
ℓ∑
j=0
AjBℓ−j×(4.2)
×DH(x
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))h
〈ℓ〉
1 t
ℓ,
ε(DH(x
α)) = 0.(4.3)
For later use we need to prove the following result.
Lemma 4.4. For s ≥ 1 one has
∆
(
(DH(x
α))s
)
=
∑
0≤j≤s
ℓ≥0
(
s
j
)
(−1)ℓ(DH(x
α))jh〈ℓ〉 ⊗ (1−et)j(αk−α−k)−ℓ×
× d(ℓ)((DH(x
α))s−j)tℓ.
S((DH(x
α))s) = (−1)s(1−et)−s(αk−α−k) ·
∞∑
ℓ=0
d(ℓ)((DH(x
α))s) · h
〈ℓ〉
1 t
ℓ.
Firstly, we reduce the horizontal integral quantizations of U(H+
Z
) from Lemma
4.3 modulo p to obtain the horizontal quantizations of U(H(2n; 1)) overUt(H(2n; 1)).
Theorem 4.5. For the two distinguished elements h := DH(x
(ǫ−k+ǫk)) and
e := DH(x
(ǫk+ǫm)) (1 ≤ |m| 6= k ≤ n) the coalgebra structure and the antipode of
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the corresponding horizontal quantization of U(H(2n; 1)) over Ut(H(2n; 1)) with an
undeformed algebra structure are given by
∆(DH(x
(α))) = DH(x
(α))⊗ (1−et)αk−α−k +
p−1∑
ℓ=0
ℓ∑
j=0
(−1)ℓA¯jB¯ℓ−jh
〈ℓ〉⊗
(1−et)−ℓDH(x
(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)))tℓ,
S(DH(x
(α))) = −(1−et)α−k−αk
p−1∑
ℓ=0
ℓ∑
j=0
A¯jB¯ℓ−j×
×DH(x
(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)))h
〈ℓ〉
1 t
ℓ,
and ε(DH(x
(α))) = 0, for 0 ≤ α < τ . Moreover, A¯j ≡ (−1)
j
(
αm+j
j
)
(mod p) for
0 ≤ j ≤ α−k, B¯ℓ−j ≡ σ(m)
ℓ−j
(
αk+ℓ−j
ℓ−j
)
(mod p), for 0 ≤ ℓ − j ≤ α−m, and in all
other cases A¯j = B¯ℓ−j = 0.
Proof. Note that the elements 1
α!DH(x
α) in H+K for 0 ≤ α < τ will be iden-
tified with DH(x
(α)) in H(2n; 1) and those in J1 (see Section 3.2) with 0. Hence,
by Lemma 4.3, we get
∆(DH(x
(α))) =
1
α!
∆(DH(x
α)) = DH(x
(α))⊗ (1−et)αk−α−k
+
p−1∑
ℓ=0
ℓ∑
j=0
1
α!
(−1)ℓAjBℓ−jh
〈ℓ〉 ⊗ (1−et)−ℓDH(x
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))tℓ
= DH(x
(α))⊗ (1−et)αk−α−k +
p−1∑
ℓ=0
ℓ∑
j=0
(
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)
)
!
α!
·
· (−1)ℓAjBℓ−jh
〈ℓ〉 ⊗ (1−et)−ℓDH
(
x(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))
)
tℓ,
where the coefficients below, by the definition of Aj and Bj , become(
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)
)
!
α!
AjBℓ−j
= Aj
(α−k−j)!(αm+j)!
α−k!αm!
· Bℓ−j
(α−m−(ℓ−j))!(αk+(ℓ−j))!
α−m!αk!
= (−1)j
(
αm+j
j
)
· σ(m)ℓ−j
(
αk+ℓ−j
ℓ−j
)
= A¯jB¯ℓ−j .
Therefore, we have verified the formulas both for the coproduct and the antipode.
This completes the proof. 
Before we will be able to describe ut,q(H(2n; 1)) explicitly, we need to establish
another result:
Lemma 4.6. Set e := DH(x
(ǫk+ǫm)) and d(ℓ) := 1
ℓ!ad e. Then
(i) d(ℓ)(DH(x
(α))) =
ℓ∑
j=0
A¯jB¯ℓ−jDH(x
(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))), where A¯j,
B¯j ∈ Zp, as in Theorem 4.5.
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(ii) d(ℓ)(DH(x
(ǫ−i+ǫi))) = δℓ,0DH(x
(ǫ−i+ǫi)) + δℓ,1(δi,−m−δi,m−δi,k)e.
(iii) d(ℓ)
(
(DH(x
(α)))p
)
= δℓ,0(DH(x
(α)))p − δℓ,1
(
δα,ǫ−k+ǫk−σ(m)δα,ǫ−m+ǫm
)
e.
Proof. (i) By Lemma 4.1(ii) and the proof of Theorem 4.5, we have
d(ℓ)(DH(x
(α))) =
1
α!
d(ℓ)(DH(x
α))
=
ℓ∑
j=0
(
α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)
)
!
α!
AjBℓ−j×
×DH(x
(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k)))
=
ℓ∑
j=0
A¯jB¯ℓ−jDH(x
(α+(ℓ−j)(ǫk−ǫ−m)+j(ǫm−ǫ−k))).
(ii) d(DH(x
(ǫ−i+ǫi))) = [DH(x
(ǫk+ǫm)), DH(x
(ǫ−i+ǫi))] = (δi,−m−δi,m−δi,k)e.
So if ℓ ≥ 2, then d(ℓ)(DH(x
(ǫ−i+ǫi))) = 0. Thus, we obtain (ii).
(iii) For ℓ = 1 we conclude from Lemma 4.2:
d((DHx
(α))p) = [e, (DH(x
(α)))p]
=
p∑
ℓ=1
(−1)ℓ
(
p
ℓ
)
(DH(x
(α)))p−ℓ ·
(
adDH(x
(α))
)ℓ
(e)
≡ (−1)p
(
adDH(x
(α))
)p
(e) (mod p)
= −
1
(α!)p
(adDH(x
α))p
(
DH(x
ǫk+ǫm)
)
= −
1
(α!)p
p∑
i=0
(
p
i
)
(−σ(m))iA(p−i−1, k)A(i−1,m)×
×DH(x
pα−i(ǫ−m+ǫm)−(p−i)(ǫ−k+ǫk)+ǫk+ǫm)
= −
1
(α!)p
A(p−1, k)DH(x
p(α−ǫ−k−ǫk)+ǫm+ǫk)
+
1
(α!)p
σ(m)pA(p−1,m)DH(x
p(α−ǫ−m−ǫm)+ǫm+ǫk)
≡ −
1
(α!)p
δα,ǫ−k+ǫkDH(x
ǫk+ǫm) +
1
(α!)p
δα,ǫ−m+ǫmσ(m)
pDH(x
ǫk+ǫm) (mod J)
= −
(
δα,ǫ−k+ǫk − σ(m)δα,ǫ−m+ǫm
)
e.
So if ℓ ≥ 2, then d(ℓ)(DH(x
(α)))p = 0. Thus, we obtain (iii). 
By using Theorem 4.5 and Lemma 4.6, we can now prove the following result:
Theorem 4.7. For the two distinguished elements h := DH(x
(ǫk+ǫ−k)) and
e := DH(x
(ǫk+ǫm)) (1 ≤ k 6= |m| ≤ n) there exists a pp
2n−1-dimensional non-
commutative and noncocommutative Hopf algebra (ut,q(H(2n; 1)),m, ι,∆, S, ε) (of
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horizontal type) over K[t]
(q)
p that has an undeformed algebra structure and the fol-
lowing coalgebra structure resp. antipode:
∆(DH(x
(α)))=DH(x
(α))⊗(1−et)αk−α−k +
p−1∑
ℓ=0
(−1)ℓh〈ℓ〉⊗(1−et)−ℓd(ℓ)(DH(x
(α)))tℓ,
S(DH(x
(α))) = −(1−et)α−k−αk
p−1∑
ℓ=0
d(ℓ)(DH(x
(α)))h
〈ℓ〉
1 t
ℓ,
and ε(DH(x
(α))) = 0, for 0 ≤ α < τ .
Proof. By utilizing the same argument as in the proof of Theorem 3.9, we shall
show that the ideal It,q is a Hopf ideal of the twisted Hopf algebra Ut,q(H(2n; 1)).
To this end, it suffices to verify that ∆ and S preserve the generators in It,q.
(I) By Lemma 4.4, Theorem 4.5, and Lemma 4.6, we obtain
∆
(
(DH(x
(α)))p
)
=
∑
0≤j≤p
ℓ≥0
(
p
j
)
(−1)ℓ(DH(x
(α)))jh〈ℓ〉 ⊗ (1−et)j(αk−α−k)−ℓd(ℓ)((DH(x
(α)))p−j)tℓ
= (DH(x
(α)))p⊗(1−et)p(αk−α−k)
+
p−1∑
ℓ=0
(−1)ℓh〈ℓ〉 ⊗ (1−et)−ℓd(ℓ)(DH(x
(α)))ptℓ (mod p, It,q)
≡ (DH(x
(α)))p⊗1 + 1⊗(DH(x
(α)))p + h⊗(1−et)−1
(
δα,ǫ−k+ǫk−σ(m)δα,ǫ−m+ǫm
)
et.
That is,
∆
(
(DH(x
(α)))p
)
= (DH(x
(α)))p ⊗ 1 + 1⊗ (DH(x
(α)))p
+ h⊗ (1−et)−1δα,ǫi+ǫ−i
(
δk,i + δm,i − δ−m,i
)
et.
(4.4)
So, when α 6= ǫ−i + ǫi, 1 ≤ i ≤ n, we have
∆
(
(DH(x
(α)))p
)
= (DH(x
(α)))p ⊗ 1 + 1⊗ (DH(x
(α)))p
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q;
and when α = ǫ−i + ǫi, it follows from Theorem 4.5 that
∆(DH(x
(ǫ−i+ǫi))) = DH(x
(ǫ−i+ǫi))⊗ 1 + 1⊗DH(x
(ǫ−i+ǫi))
+ h⊗ (1−et)−1(δk,i + δm,i − δ−m,i)et.
Combining this with (4.4), we obtain
∆
(
(DHx
(ǫi+ǫ−i))p −DHx
(ǫi+ǫ−i)
)
≡
(
(DH(x
(ǫi+ǫ−i)))p −DH(x
(ǫi+ǫ−i))
)
⊗ 1
+ 1⊗
(
(DH(x
(ǫi+ǫ−i)))p −DH(x
(ǫi+ǫ−i))
)
∈ It,q ⊗ Ut,q(H(2n; 1)) + Ut,q(H(2n; 1))⊗ It,q.
So, It,q is indeed a coideal of Ut,q(H(2n; 1)).
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(II) By Lemma 4.4, Lemma 4.6, and Theorem 4.5, we have
S
(
(DH(x
(α)))p
)
= (−1)p(1−et)p(α−k−αk)
p−1∑
ℓ=0
d(ℓ)
(
(DH(x
(α)))p
)
h
〈ℓ〉
1 t
ℓ (mod p, It,q)
≡ −(DH(x
(α)))p +
(
δα,ǫk+ǫ−k − σ(m)δα,ǫm+ǫ−m
)
eh
〈1〉
1 t.
So, when α 6= ǫ−i + ǫi, we have S
(
(DH(x
(α)))p
)
= −(DH(x
(α)))p ∈ It,q. When
α = ǫ−i + ǫi, it follows from Theorem 4.5 or Lemmas 4.4 and 4.6 (ii) that
S(DH(x
(ǫi+ǫ−i))) = −
p−1∑
ℓ=0
d(ℓ)(DH(x
(α)))h
〈ℓ〉
1 t
ℓ
= −DH(x
(ǫi+ǫ−i)) + (δm,i + δk,i − δ−m,i)eh
〈1〉
1 t.
So, we obtain
S
(
(DHx
(ǫi+ǫ−i))p −DHx
(ǫi+ǫ−i)
)
= −
(
(DHx
(ǫi+ǫ−i))p −DHx
(ǫi+ǫ−i)
)
∈ It,q.
Thereby, we have shown that It,q is preserved by the antipode S of Ut,q(H(2n; 1))
as in Theorem 4.5.
So, It,q is a Hopf ideal in Ut,q(H(2n; 1)), and we get a finite-dimensional hori-
zontal quantization for ut,q(H(2n; 1)). 
4.2. Jordanian modular quantizations of u(sp2n). Let u(sp2n) denote the
restricted universal enveloping algebra of sp2n. Since Drinfel’d twists F(k;m) of
horizontal type act stably on the subalgebra U((H+
Z
)0)[[t]], and so consequently on
ut,q(H(2n; 1)0), these give rise to the Jordanian quantizations for ut,q(sp2n).
By Lemma 4.6(i), we have for r 6= s:
d(ℓ)(DH(x
(ǫr+ǫs))) = δℓ0DH(x
(ǫr+ǫs))
+δℓ1
(
σ(m)(δ−m,r(δk,s+1)+δ−m,s(δk,r+1))DH(x
(ǫk+ǫr+ǫs−ǫ−m))
−
(
δ−k,r(δm,s+1) + δ−k,s(δm,r+1)
)
DH(x
(ǫm+ǫr+ǫs−ǫ−k))
)
−δℓ2σ(m)(δ−m,rδ−k,s+δ−m,sδ−k,r)e,
d(ℓ)(DH(x
(2ǫ−k))) = δℓ0DH(x
2ǫ−k)− δℓ1DH(x
(ǫ−k+ǫm)) + δℓ2DH(x
(2ǫm)),
d(ℓ)(DH(x
(2ǫ−m))) = δℓ0DH(x
(2ǫ−m)) + δℓ1σ(m)DH(x
(ǫ−m+ǫk)) + δℓ2DH(x
(2ǫk)),
d(ℓ)(DH(x
(2ǫr))) = δℓ,0DH(x
(2ǫr)) for r 6= −k,−m.
The next result now follows from Theorem 4.7:
Theorem 4.8. For the two distinguished elements h := DH(x
(ǫ−k+ǫk)) and e :=
DH(x
(ǫk+ǫm)) (1 ≤ |m| 6= k ≤ n) the coalgebra structure and the antipode of the cor-
responding Jordanian quantization of u(H(2n; 1)0) ∼= u(sp2n) over ut,q(H(2n; 1)0)
∼=
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ut,q(sp2n) with an undeformed algebra structure are given by
∆(DH(x
(ǫr+ǫs))) = DH(x
(ǫr+ǫs))⊗ (1−et)δr,k+δs,k−δr,−k−δs,−k + 1⊗DH(x
(ǫr+ǫs))
− h⊗(1−et)−1
(
σ(m)(δ−m,r(δk,s+1)+δ−m,s(δk,r+1))DH(x
(ǫk+ǫr+ǫs−ǫ−m))
−
(
δ−k,r(δm,s+1)+δ−k,s(δm,r+1)
)
DH(x
(ǫm+ǫr+ǫs−ǫ−k))
)
t
− σ(m)
(
δr,−mδs,−k+δs,−mδr,−k
)
h〈2〉 ⊗ (1−et)−2et2,
∆(DH(x
(2ǫr))) = DH(x
(2ǫr))⊗ (1−et)2δk,r−2δ−k,r + 1⊗DH(x
(2ǫr))
+ δr,−k
(
h⊗(1−et)−1DH(x
(ǫ−k+ǫm))t
+ h〈2〉⊗(1−et)−2DH(x
(2ǫm))t2
)
− δr,−m
(
σ(m)h⊗(1−et)−1DH(x
(ǫ−m+ǫk))t
− h〈2〉⊗(1−et)−2DH(x
(2ǫk))t2
)
,
S(DH(x
(ǫr+ǫs))) = −(1−et)δr,−k+δs,−k−δr,k−δs,k
[
DH(x
(ǫr+ǫs))
+
(
σ(m)(δ−m,r(δk,s+1)+δ−m,s(δk,r+1))DH(x
(ǫk+ǫr+ǫs−ǫ−m))
−
(
δ−k,r(δm,s+1)+δ−k,s(δm,r+1)
)
DH(x
(ǫm+ǫr+ǫs−ǫ−k))
)
h
〈1〉
1 t
− σ(m)(δr,−mδs,−k+δs,−mδr,−k)eh
〈2〉
1 t
2
]
,
S(DH(x
(2ǫr))) = −(1−et)2δr,−k−2δr,k
[
DH(x
(2ǫr))
− δr,−k
(
DH(x
(ǫ−k+ǫm))h
〈1〉
1 t−DH(x
(2ǫm))h
〈2〉
1 t
2
)
+ δr,−m
(
σ(m)DH(x
(ǫ−m+ǫk))h
〈1〉
1 t+DH(x
(2ǫk))h
〈2〉
1 t
2
) ]
,
and ε(DH(x
(ǫr+ǫs))) = ǫ(DH(x
(2ǫr))) = 0, where r 6= s.
Remark 4.9. As H(2n; 1)0 ∼= sp2n via the identification of DH(x
(ǫr+ǫs)) with
σ(s)Er,−s+σ(r)Es,−r
(ǫr+ǫs)!
for −n ≤ r, s ≤ n, we get a Jordanian quantization for sp2n,
which has been discussed by Kulish et al (cf. [19], [1] etc.).
Corollary 4.10. For the two distinguished elements h := Ek,k −E−k,−k and
e := σ(m)Ek,−m − Em,−k (1 ≤ k 6= |m| ≤ n) the coalgebra structure and the
antipode of the corresponding Jordanian quantization of u(sp2n) over ut,q(sp2n)
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with an undeformed algebra structure are given by
∆(σ(s)Er,−s+σ(r)Es,−r)
=
(
σ(s)Er,−s+σ(r)Es,−r
)
⊗(1−et)δr,k+δs,k−δr,−k−δs,−k+1⊗
(
σ(s)Er,−s+σ(r)Es,−r
)
− h⊗(1−et)−1
(
σ(m)δr,−m
(
−Es,−k+σ(s)Ek,−s
)
+σ(m)δs,−m
(
−Er,−k+σ(r)Ek,−r
)
− δr,−k
(
σ(m)Es,−m+σ(s)Em,−s
)
−δs,−k
(
σ(m)Er,−m+σ(r)Em,−r
))
t
− σ(m)(δr,−mδs,−k+δs,−mδr,−k)h
〈2〉⊗(1−et)−2
(
σ(m)Ek,−m−Em,−k
)
t2,
∆(σ(r)Er,−r) = σ(r)Er,−r ⊗ (1−et)
2δk,r−2δ−k,r + 1⊗ σ(r)Er,−r
+ δr,−k
((
h⊗(1−et)−1(σ(m)E−k,−m+Em,k)
)
t+ h〈2〉⊗(1−et)−2σ(m)Em,−mt
2
)
+ δr,−m
((
σ(m)h⊗(1−et)−1
(
σ(m)Ek,m+E−m,−k
))
t− h〈2〉⊗(1−et)−2Ek,−kt
2
)
,
S(σ(s)Er,−s+σ(r)Es,−r) = −(1−et)
δr,−k+δs,−k−δr,k−δs,k
(
(σ(s)Er,−s+σ(r)Es,−r)
+
(
σ(m)
(
δr,−m(−Es,−k+σ(s)Ek,−s) + δs,−m(−Er,−k+σ(r)Ek,−r)
)
− δr,−k(σ(m)Es,−m+σ(s)Em,−s)−δs,−k(σ(m)Er,−m+σ(r)Em,−r)
)
h
〈1〉
1 t
− σ(m)(δr,−mδs,−k+δs,−mδr,−k)(σ(m)Ek,−m−Em,−k)h
〈2〉
1 t
2
)
,
S(σ(r)Er,−r) = −(1−et)
2δr,−k−2δr,kσ(r)Er,−r
+ δr,−k(1−et)
2
((
σ(m)E−k,−m+Em,k
)
h
〈1〉
1 t−σ(m)Em,−mh
〈2〉
1 t
2
)
− δr,−mσ(m)
((
σ(m)Ek,m+E−m,−k
)
h
〈1〉
1 t+Ek,−kh
〈2〉
1 t
2
)
,
+ δr,−m
(
(Ek,m + σ(m)E−m,−k)h
〈1〉
1 t+ Ek,−kh
〈2〉
1 t
2
)
,
and ε(σ(s)Er,−s+σ(r)Es,−r) = ǫ(σ(r)Er,−r) = 0 for 1 ≤ |r|, |s| ≤ n and r 6= s.
Example 4.11. For n = 2, consider h := E11 − E−1,−1, e := E12 − E−2,−1,
and set h′ := E22 − E−2,−2 as well as f := (1− et)
−1. By Corollary 4.10, we get a
Jordaninan quantization on ut,q(sp4) with the coproduct as follows:
∆(h) = 1⊗ h+ h⊗ f,
∆(h′) = h′ ⊗ 1 + 1⊗ h′ + h⊗ (1− f),
∆(e) = 1⊗ e+ e⊗ f−1,
MODULAR QUANTIZATIONS OF LIE ALGEBRAS OF CARTAN TYPE H 35
∆(E1,−2+E2,−1) = (E1,−2+E2,−1)⊗ f
−1 + 1⊗ (E1,−2+E2,−1)− 2h⊗ fE1,−1t,
∆(E−1,2 + E−2,1) = (E−1,2 + E−2,1)⊗ f + 1⊗ (E−1,2 + E−2,1) + 2h⊗ fE−2,2t,
∆(−E−1,−2 + E2,1) = (−E−1,−2 + E2,1)⊗ f + 1⊗ (−E−1,−2 + E2,1)
− h⊗ f(h− h′)t− h〈2〉 ⊗ f2et2,
∆(E1,−1) = E1,−1 ⊗ f
−2 + 1⊗ E1,−1,
∆(E2,−2) = E2,−2 ⊗ 1 + 1⊗ E2,−2 − h⊗ f(E1,−2 + E2,−1)t+ h
〈2〉 ⊗ f2E1,−1t
2,
∆(E−1,1) = E−1,1 ⊗ f
2 + 1⊗ E−1,1 + h⊗ f(E−1,2 + E−2,1)t+ h
〈2〉 ⊗ f2E−2,2t
2,
∆(E−2,2) = E−2,2 ⊗ 1 + 1⊗ E−2,2.
4.3. Open Questions. As is well known, Andruskiewitsch and Schneider [2]
gave a certain classification (i.e., a distinguished isomorphism theorem) for the
finite-dimensional complex pointed Hopf algebras with abelian finite group algebras
as their coradicals whose orders satisfy some conditions. This is the most important
achievement in Hopf algebra theory during the last two decades. However, the new
Hopf algebras of prime-power dimensions that we obtained above do not belong to
the class of pointed ones obtained over the complex numbers.
In conclusion, we would like to propose the following interesting questions for
further consideration.
Question 1. Assume that the ground field is algebraically closed of prime
characteristic. How many non-isomorphic Hopf algebra structures can be obtained
on the restricted universal enveloping algebras u(H(2n; 1)) or u(sp2n) by Drinfel’d
twists? Are there infinitely many isomorphism classes as in the famous counter-
example to Kaplansky’s 10th conjecture (see [18]) obtained by Beattie et al [3]? Is
it possible to classify the Hopf algebras of a given prime-power dimension (up to
isomorphism)?
Question 2. What are the conditions for ut,q(H(2n; 1)) or ut,q(sp2n) to be a
ribbon Hopf algebra (see [17] and references therein)?
Question 3. It might be interesting to consider the tensor product structures
of representations for ut,q(H(2n; 1)) or ut,q(sp2n), respectively. How do their tensor
categories behave?
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